MA40254 DIFFERENTIAL AND GEOMETRIC ANALYSIS : EXERCISES 5

Hand in answers by 1:15pm on Wednesday 8 November for the Seminar of Thursday 9 November
Homepage: http://moodle.bath.ac.uk/course/view.php?id=57709

0 (Warmup). Let V be a real vector space of dimension n, ai,as...ax, 35 € MYV) and A\, u €
R. Show that ajag--- (Ao + pfj)ogpr - = Aoqag -+ e - - o + proqag - -~ fioggr - - oy in
MP¥(V) and deduce that
a1/\ong---/\()\aj+,uﬁj)/\aj+1A---/\ak
:)\al/\ag/\---/\aj/\aj+1/\‘--/\ak—i—,ual/\ag/\---/\,Bj/\ajH/\---/\ak.

[Solution: Ewaluating the left hand side of the first identity on vi,va,...vx € V (using the definition)
gives

o (v)az(v2) -+ (A + pf) (V)1 (Vi) - - o (vg) €R
Now (Aaj + ppj)(vj) = Aay(vs) + pBi(vj) (pointwise operations) so the result follows by the dis-
tributive law. To obtain the second identity, apply alt to both sides of the first identity, and use that
alt: MF(V) — AltE(V) s linear: alt(Aa + pfB) = > oes, sen(o)o - (Aa+ pf) and it is easy to see that
o-(A+uB)=Ao-a+po-p (evaluate both sides on v, v, ... vy).]

1. Let V be a real vector space of dimension n.

(i) Let vq,...,vp € V and a,...,ap € V*. Let A € My, ,(R) be the matrix with A;; = a;(vj).
Show that (ag A -+ Aag)(vy,...,vg) = det A.

[Hint: Compare the result of evaluating the full antisymmetrisation of ay---ap € M¥(V) on
V1, ...,V with the sum formula for the determinant of a matriz.]

(ii) Let ¢ : V' — V be a linear operator. Show that for any a € Alt"(V),
¢ o = (det p)a € Alt" (V)
[Hint: Recall that det ¢ means the determinant of the matriz A representing ¢ with respect to

any basis e1,ea,...e, of V. Use the dual basis €1,¢€2,...€, to write the entries A;j in the form
of part (i), and note that e1 Nea A\ ... Ney is a basis for Alt™(V).]

2. Let e1,...,e5 € R be the standard basis, and let e1,...,e5 € (R®)* be the dual basis. Let
a=3e1 Nes+ea A (Teg — 2e5) € A1t2(]R5).
(i) Evaluate a(e; + 2e3,e3 +e4) € R.

(ii) Express a A (2e1 +e2 —3ey4) € Alt3(R) in terms of the standard basis e1AeaAe3, 1AeaAEy, .. .,
€3NEQNES.

[Hint: When expanding, bear in mind that e; Nej = —j Ne;, and g; Ne; = 0.]

3 (Less essential). For a real inner product space V and v € V', define v” € V* to be the linear map
V = R, w+— vaw. For a € Alt*™1(V) and v € V, define the ‘contraction’ v s € Alt¥(V) by

('U_IOZ)(U]l,...,wk) = Oé(U,wl,... 7wk)

for all wy,...,w € V. Show that the cross product on R? is related to the wedge product on (R?)*
by
(u x v) 1Det = v’ Av” € Alt2(R?)

for any u,v € R3.



[Hint: Express u and v in terms of the standard basis, i.e., write u = uje; +uges +uges etc., and find
the components of both sides of the equation with respect to the standard basis €1 N\ €2,61 N €3,69 N €3
of Alt*R3 ]

4. Let ¢ : V — W be a linear map between real vector spaces. Show that
(i) ¢*alt(a) = alt(¢*a) € Alt*(V) for any o € M*F(W).
[Hint: First check that o - (¢*a) = ¢*(0 - @) € M¥(V) for any o € M*¥(W) and o € Si.]
(ii) ¢* (a1 A--- Aag) = (¢*a1) A--- A (¢*ag) € AltR(V) for any ay, ..., o € AltL(W).
[Hint: First show ¢*(aq -+ ax) = (¢*aq) -+ (¢*ag) by evaluating both sides on vy, ... v.]

5. Let V and W be vector spaces with bases vy, vo, v3 and wy, ws, w3, w4 respectively. Let ¢ : V — W
be the linear map represented with respect to these bases by

2 0 -3
16 0
01 —1
1 0 5

Let €1,e9,e3 € V* and 41, 09, 3,04 € W* denote the dual bases to the given bases. Compute
¢*(361 A 03 + 02 A 0g) € Al*(V)

in terms of the standard basis ¢; A g : i < j for Alt?(V).

[Hint: What matriz represents ¢* : W* — V* with respect to the bases 0; and €;¢ There is a reason
why the dual map ¢* is sometimes called the "transpose” of ¢! You should find, for instance, that
¢*51 = 261 — 363.]
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1. (i) Recall that ay A~ Ay = alt(aq - - ag) i.e.,

(g A ANag) (v, ... o) = Z sgn (o) a1(Ve(1)) -+ Ok (Vo (i))-
o€Sk

The RHS is precisely the sum formula for det(a;(v;)).

(ii) Pick a basis e1,...,e, € V, and let e1,...,e, be the dual basis. Let A be the matrix that
represents ¢ with respect to eq,...,e,. Then ;(¢(e;)) = A;j, so by (i)

(@"(e1 A Aen))(er,. .. en) = (E1 A Aen)(d(er), ..., dlen)) = det A,
(g A ANep)(er,...,en) = 1.

Since g1 A -+ A g, spans Alt"™(V), and det ¢ = det A by definition, the claim follows.
2. (i) By multilinearity and alternating property
aler + 2esz,e3+eq) = aler, e3) + aler, eq) + 2a(es, e4).
The last two terms vanish, while a(eq, e3) = 3.
(ii) Since a Aep =Tey ANeg Aes —2e1 Aea Aes and a Aeg = —3e1 Aeg Aes and
alNeg =31 Neg ANeg+ Teg ANeg ANeg + 2690 Aeg N es,
we have
aN(2e14+¢e2—3e4) =1leg Aea Neg —4deg Nea Nes —9e1 Aeg ANeg —2leg Neg Aeg — Bea Aeg Aes.

3. If eq, €9, e3 € R3 is the standard basis and €1, 2,3 € (R?’)* is the dual basis, then Det = 1 Aeg Aes.
If we write u = uie; + uses + uges and v = vie; + vees + ves, then u’ AP equals

(u1v2 — UQ’Ul)El N€Eg + (U3’U1 — U1v3)€3 Ner+ (’U,Q’Ug - U3’U2)€2 N Es. (*)

This is equal to (u x v) 1 (1 A €2 A €3) because evaluating the latter on e;, e; for i # j gives

Z SgH(O') (u X ’U) " €0(1) €0(2) (ei)go'(?)) (6]) = Sgn(i’j)DEt(ua v, ek)
TgES3

where k # i, 7 and sgn(i, j) is the sign of the permutation sending (1,2, 3) to (k,, 7). This agrees with
(*) on e;,ej. [One can also use vector algebra methods from MA10236.]

4. (i) Following the hint, observe that
(J ’ qb*a)(”la s avk) = (¢*a)(va(1)7 R Uo(k)) = a(qb(va(l))a SER) qb(va(k))) = gb*(O’ ’ Oé)(’Ul, s 77)/6)
for any a € M¥(W) and o € S;. Now multiply both sides by sgn(o) and sum over o € Sj.

(ii) Similarly for all vy,..., v € V,

(@ (ar--ar))(vr, ..., 0p) = (@ ) ((01), - - -, @(vg)) = e (p(vr)) - - aw(P(vr))
= (@7 aa)(v1) -~ (07w ) (vr) = ((¢"an) -~ (07 wk)) (V1 - . 0g).

Now apply (i).



5. With respect to the dual bases, ¢* : W* — V* is represented by the transpose of the matrix
defining ¢, i.e., ¢*61 = 2e1 — 3e3 etc. Thus (using that ¢* distributes over A)

¢*(351 A 03 + 09 A (54) = 3(281 — 383) A (52 — 83) + (51 + 662) A (51 + 583)
= (61 Aeg — 661 ANes — 9e3 Aeg) + (ber Aeg + 6ea A ey + 30eg A e3)
= —e1 Neg + 39e9 Aes.



