MA40254 DIFFERENTIAL AND GEOMETRIC ANALYSIS : EXERCISES 5

Hand in answers by 1:15pm on Wednesday 8 November for the Seminar of Thursday 9 November
Homepage: http://moodle.bath.ac.uk/course/view.php?id=57709

0 (Warmup). Let V be a real vector space of dimension n, ai,as...ax,3; € MYV) and A\, u €
R. Show that ajag--- (Aaj + phj)ajir -+ o = Aojag - - ol - + pojag - Biogir -+ oy in
MFE(V) and deduce that

a1/\ag/\--~/\()\aj—|—u/6’j)/\aj+1/\-~/\ak

:/\a1/\042/\-~-/\aj/\aj+1/\~--/\ak—i—,ua1/\a2/\---/\ﬁj/\aj+1A~--/\ak.

1. Let V be a real vector space of dimension n.

(i) Let vq,...,vp € V and a,...,a € V*. Let A € My, ,(R) be the matrix with A;; = a;(v;).

Show that (ag A -+ Aag)(vi,...,v;) = det A.
(ii) Let ¢ : V' — V be a linear operator. Show that for any a € Alt"(V),
¢ o = (det @) € Alt"™(V)
2. Let e1,...,e5 € R be the standard basis, and let e1,...,e5 € (R®)* be the dual basis. Let
a=31 Neg+ea A (783 — 255) S Ath(R5).
(i) Evaluate a(e; + 2e3,e3 +e4) € R.

(i) Express oA (261 4+ €2 — 3e4) € Alt3(R%) in terms of the standard basis e1AeaAe3, €1Ae2Aey, .. .,
e3/\eq/\Es.

3 (Less essential). For a real inner product space V and v € V, define v> € V* to be the linear map
V = R, w— v.aw. For a € Alt*™ (V) and v € V, define the ‘contraction’ v s € Alt*(V) by

(’UJOZ)(wl,...,lUk) = Oé(U,wl,... 7wl€)

for all wy,...,w; € V. Show that the cross product on R? is related to the wedge product on (R3)*
by
(u x v) 1Det = u” A" € Alt3(R?)

for any u,v € R3.
4. Let ¢ : V — W be a linear map between real vector spaces. Show that
(i) ¢*alt(a) = alt(¢*a) € Alt*(V) for any a € MF(W).
(i) ¢* (a1 A--- Aag) = (¢*a1) A--- A (¢*ag) € AltF(V) for any ay, ..., o € AltL(W).

5. Let V and W be vector spaces with bases v, v9,vs and wy, we, w3, wy respectively. Let ¢ : V — W
be the linear map represented with respect to these bases by

2 0 -3
16 0
01 —1
1 0 5

Let 1,692,635 € V* and 41, 09, 3,04 € W* denote the dual bases to the given bases. Compute
¢*(351 A 03 + 02 A 54) € Ath(V)
in terms of the standard basis ¢; A g; : i < j for Alt*(V).
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