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Introduction

Setting

(*]
(*]
(*]
(*]
(*]

Lattice Ay = Z/LZ
State space () = N\
Configuration . = (4x : x € AL) XO)

Jump probability g(x,y) = L 7. Vx £y
Dynamics are given by the generator

= Y aby)uln)vin)(Fr™) —f(y)),

X, YEN| ( )
1

where 713 Y =11, — 6(z,x) + (2, y).
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Introduction

Stationary measures

Under certain conditions!, the processes admit stationary
product measure with marginal

Vplifx = n] =

is stationary, provided that
z(¢) == ) w(n)¢p" < oo,
n=0

for all x € A;. For fixed number of particles,

T =vel- | Y, 1x=N] (3)

XENL

is the unique stationary measure on {1 : Y, cp, 71x = N}.

1Chleboun, P. and Grosskinsky, S., 2014. Condensation in stochastic particle systems with stationary product
measures. Journal of Statistical Physics, 154(1-2), pp.432-465.
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Introduction

Empirical processes

Define two empirical processes :

site empirical process size-biased empirical process
1 1
FOi0) =7 T S | Pei®)i= 5 T Kooy
XEN| XEN;
(4) ()

Relation

kFi () = pPx(ny) forally € Oy y and k > 1.
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Zero-range processes

Zero-range processes

u(k) = g(k), v(k) =1 ]
Jump rate g : IN — [0, o0)
glk) = { 1—|—k—bS otheir]:/vise, o (6)

for any constant b > 0 and 7y € (0, 1].

Figure : ZRP

6/44



Zero-range processes

Condensation

For our specific jump rate, the system exhibits a phase
transition in the thermodynamic limit N, L — oo. If the
particle density p = % is above some critical value pc, the
system separates into
© a homogeneous background
©Q a condensate, which is the excess mass accumulated on a
single randomly located lattice site.

(p—pcL
n n
pe
NSttt | pcf
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X X
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Zero-range processes

If o > pc then for any € > 0,

. 1
lim TN <|z£2?\x77x—p—pc|> €> =1
L

N,L—00, 1 —p

Critical density

pc:=Ey, [UX]-

b>0, pc<oo

2Grosskinsky, S., Schutz, G.M. and Spohn, H., 2003. Condensation in the zero range process: stationary and
dynamical properties. Journal of statistical physics, 113(3-4), pp.389-410.



Zero-range processes

Coarsening

Coarsening Regime

The cluster sites exchange particles through the bulk. This
leads to a decreasing number of cluster sites of increasing size.
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Figure : Dynamics of ZRP.
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Zero-range processes
©000000000

Dynamics of empirical processes

o

@ Dynamics of empirical processes
@ Simulation Results

10 /44



Zero—range processes
0®00000000
Dynamics of empirical processes

fk(t)

wp =2, ¢ =10
wp =4, t =101 |
‘‘‘‘‘ p=2t=10°

a5t |- p=4,t=10°
—p=2,t=10°
2 —p=4, t=10°
=
= H
15 :

—

0 500 2(}?0 2500 3000 3500 4000
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Figure © fx(t). Parameter values are y = 1 with b = 4 and L = 1024.
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Zero-range processes
00e0000000

Dynamics of empirical processes

pr(t)

x 10~
6Ll =2, t =10* |
g =4, t =10*
L =mp=2,t=10° ]

0 500 1000 1500 2(};)0 2500 3000 3500 4000

Figure : py(t). Parameter values are v = 1 with b = 4 and L = 1024.
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Dynamics of empirical processes

Analysis of Fi(7)

(LRI = ¥ s eln) [Felr™) — Fulo)]

X,y F£EX
— —&(k)Fuln) - L% IFUSE T
y#X
+ Z ”y +g(k+1)Fri1(n)

ysﬁ

= —(g(k) + {g)y) Fx(n)
+(&)yFr—1(n) + gk +1)Fri1(n)

+ ﬁ(g(k) — (&) (F(n) = Fir () -
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Evolution equation

Using
S IR (6))] = EI(LF (1(1))]
with notation f(t) = E[Fx(#n)] and (g) = Y 51 g(k)fc(t).

dfi (t)
dt

=gk+ V() + (@fa(t)
— (g(k) + () fi(b),

for all k > 0 with f_1(t) = 0.
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Zero-range processes
00000@0000

Dynamics of empirical processes

Birth death process (Y;:t > 0)

This is a birth death chain with state space INg with

birth rate = (g)
death rate = g(k)

<g> <g> <g> <g> <g>
\o/ N SN ‘g’\,‘ NN

/
gm/\g{zi \g{k—u \g(k}/ \g{m] A\g[m}

/
@
\

.

Figure : Birth-Death Processes Y; Diagram.
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Zero-range processes
000000e000

Dynamics of empirical processes

Separated state

fi(t) = () Upp s /eq (k) + () L/ gioo) (K) - (8)

i=FPulk(t) i=fond(¢)

Scaling forms3

feond(t) = €2h(u), with u = ke; and €; = £ (9)

(g) ~ 1+ Ae], (10)

where €; is the time scale and A is a constant.

3Godreche, C., 2003. Dynamics of condensation in zero-range processes. Journal of Physics A: Mathematical
and General, 36(23), p.6313.
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i empirical processes

Analysis of Py(77)

For k =1,
@ pr(t) = —g(Dpr(t) — (gpr(t) + })< (e >+§g< )pa(t)
- %g(Q)pg(t) )+ ). (g (k) — (8))pe(0)
k>2
For k > 1,
%Pk( ): kL_H-g(k—{—l)pk_H( )+ kf < >pk 1(t)

_< k+1 )
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Zero-range processes
00000000 e0

Dynamics of empirical processes

Birth death with killing/cloning (X; : t > 0)

k+1
birth rate %(g) fork >0,
k—1
death rate Tg(k), fork > 1,
1
rate from k to 1 E(g(k) —(g))+, fork>1,
1
cloning rate F((g) —g(k))4, fork >1,
1
killing rate —((g) —g(k))4, fork=1,
k>1 k

where we denote by (-)+ = max{0, (-)} the positive part of
the expression and (g) = 0 Y x>1 #pk(t).
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Zero-range processes
000000000e

Dynamics of empirical processes

Relations

ppEem (£) = KON (1)

cond ¢ kfcond _ P —Pc _
B = SR = £5

y

Scaling form

PEmA(E) = SHE () = Suh(w)er
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Zero-range processes
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Simulation Results

o

@ Dynamics of empirical processes
@ Simulation Results
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Zero-range processes
O®@000000000

Simulation Results

Simulation of BD chains: (g)

s BD~=03
BD~ =05
s BDy=0.7
2 E: BDy=1
ZRP =03
ZRPy =105
ZRP v =0.7
ZRPy =1
—~ ) =1+ A

x
x
1.8 x
x

0 2000 4000 6000 8000 10000
t

Ficure © (o). Parameter values are b=4. 0 = 2. and L = m = 1024. 21/44



Zero-range processes
0O0O®@00000000

Simulation Results

Subcritical case

Size-biased marginals of stationary measure

1Py T
¢ o t=0
o t=40000
01} x 1290000
= - V4[.>K]
/‘\_. <o
X o001L}
[am
<
0.001}
<o
0 2 20 60 80 100

k

Figu re o Convergence to the tail distribution of the size-biased marginal. Parameter

values are ¥ = 1 with b=25, p=1< p. =2 and m = 10°.
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Zero-range processes
000e0000000

Simulation Results

Supercritical case : Phase separation

01} o t=0
0 t=40000
x t=90000

P[X>K]
PX>k[X<70]

001L —vi[.>k]

10 1520 30 50 7.0 10.0 150200 300 50.0
k

Figure = X; ensemble size is m = 10° with parameter values are
vy=1 b=4and p=10> p. = 0.5.
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Zero-range processes
0O000@000000

Simulation Results

Dynamics of X;
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400 K 600 800 1000

0 200

Figure - X; ensemble size is m = 10° with parameter values are
vy=1 b=4and p=10 > p. = 0.5.

24 /44



Zero-range processes
0O0000e00000

Simulation Results

Scaling behavior

Figure : X; ensemble size is m = 10° with parameter values are
vy=1 b=4and p=10> p. = 0.5.
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Zero-range processes
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Simulation Results

Theoretical comparison v = 0.5

o T T ! T T T T T ]
09 a BD t=1000
08 B @ BD t=9000 ||
e H < ZRP t=1000
* ZRP t=9000
0.7 ——Theory t=0c | ]
’;20 6!l 5 ——Theory t=1000] |

——Theory t=9000

uw=kt T

Figure : Parameter values are b = 4, p = 2 with v = 0.5 and ensemble
size L = m = 1024.
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Zero—range processes
00000008000
Simulation Results

Theoretical comparison ¢y =1

W (u) + (%u— A+t g) W (u) + (1 _ %) h(u) = 0.

5 BDt=1000
03 | . 5 BDt=9000 {
= * ZRP t=1000
* ZRP t=9000
025t | ° P —— Theory
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< x
«
1 02r Y
= ] H
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TS|
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; <
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005F % o
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Figure : Parameter values are b = 4, p = 2 with v = 1 and ensemble
size L= m = 1024.
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Zero-range processes
0O0000000e00

Simulation Results

o> (t)

o?(t)

o?(t) = pE[pi(t)] = szpk(t =) K*f(t)
P

Time evolution of ¢ (t)

o2 (t) = g Z K2 fi (t)

k>1

=20((g) —1) +2 <<g> ~bY, kl‘”ﬂ(’-‘)) :

k>1
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Zero-range processes
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Simulation Results

fi(t) and pi(t)

10* 10°

t
Figure © Parameter values are b = 4, m = 1000 and p = 10,
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Zero-range processes

000000000 0e

Simulation Results

px(t) and ZRP

10,000
= 2304
S~—
[aN]
©
1,000
10" 10°
t
Parameter values are b = 4, p = 2 and system size
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Figure :
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Inclusion processes

Inclusion processes (IP)

u(n)=n, v(in)=d+n, d >0 J

(LA = L 7 qmeld ) (Fr ) = (). (1)
X, yeEN

Under the condition of d — 0%, the critical density of IP is
pc = 0. The condensate contains all particles and can be
localised on any site of the lattice.

4Grosskinsky, S., Redig, F. and Vafayi, K., 2011. Condensation in the inclusion process and related models.

Journal of Statistical Physics, 142(5), pp.952-974.
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Inclusion processes
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Figure © IP with L = 1024 and p = 2.
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Inclusion processes

With (17) = Y371 kfi(t) = p,

9 (8) = (k+1)(d + p)fesa(£) + p(d + (k — 1)) (2)

dt
— (dk + 2pk + pd) fi (t),

valid for all k > 0 with the convention f_1(t) = 0, Vt > 0.

v

This is a birth death chain with state space INg with

birth rate = p(d + k)
deathrate = (d+p)k.
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Inclusion processes

Case d=0

When d = 0, this leads to a linear birth death chain with
birth rate = death rate = pk

d
Efk(t) = p(k + 1)fk+1(t) +p(k — 1)fk_1(t) — 2pkfk(l').
(12)
We assume that f;(t) takes the scaling form
fi(t) = €2h(u), with u = ke;. (13)

With €; = pit we have

uh” (u) + (2 + u)h (u) + 2h(u) = 0. (14)
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Inclusion processes

When d = 0 in py,

d

i Pe(t) = pkpiesa (8) + pkpi—1 (t) = 20kpi(t),  (15)
for all k > 1 with the convention po(t) = p_1(t) = 0.

Y kpi(t) = 2pt + C,
k

where C = p +1 as it is simply the sized-biased initial
condition of Poi(p). Hence,

o?(t) = E[fi] = pE[p] = 20°t +p(p + 1)
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Inclusion processes

7000

« IPd=0,p=2
« IPd=0,p=4
6000 IPdL=1,p=2
IPdL=1,p=4
5000r| © BD,p=2

BD,p=4 ¢
_ 2
A 4000l | Ty =20t +p(p + 1)
]
=
V3000
2000+
1000

0 50 100 150 200

02(t) of system size 1024 from simulation of CGIP
d =0, dL =1 and the birth-death p, chain.
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Inclusion processes

045
s BDt=
04l =30 )
= s BD t=200
035 AT N « TP t=50 1
03l IP t=200
a — Theory
025"
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T 02
0.1514
0.1
0.05 .
% 5 6

3
u==Fk/pt

Normalised uh(u) = ;X ppx(n) birth-death and IP
simulation for L = 1024, d = 0, p = 4. Plotting against the
solution of (14). 37/44



Inclusion processes

Self-duality

The SIP3is self-dual with the duality function :

D(&.n) = Hd(CXvﬂx>v

where d(k, n) = (nflk)! r(rcgi)k)'

The self-duality of the SIP is then given by

Ey[D(E. 5(t))] = Eg[D(E(t). y].

5Giardina, C., Kurchan, J., Redig, F. and Vafayi, K., 2009. Duality and hidden symmetries in interacting
particle systems. Journal of Statistical Physics, 135(1), pp.25-55.
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Inclusion processes

Time dependent variances 02(t)

For x # y € A, and for every initial product measure v, with
density p and second moment 02 we have

dp(1+p) +p°

02(t) = g x[Xe = Yi] + ( ]

> Py x[Xe # Yi], (16)

where X; and Y; denote the particle positions for two SIP-particles.
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Inclusion processes

Exact computations for two dual particles

Consider the process with only two particles called Z; which
has only 2 states which is either both particles are on the same
site i.e. Z; = 0 or they are on two different sites i.e. Z; = 1.
This process has Q-matrix :

0— —2d(L—1) 2d(L-1)

- 2(d+1) —=2(d+1)

Diagonalise Q which has eigenvalues 0 and —2(1 + dL) to
obtain Q@ = UAU! where

0 0
A_(O —2(1—|—dL)>'
Therefore,

1 ( (d+1)+d(L—1)e2t+d)t d(L—1)[1 — e 2(t+dL)t] )

Pe=rdn (d+1)[1 — e 2(1Hdbe] d(L—1)+2(d + 1)e 2(+dby
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02(t>:a§n>o[zt:o]+(""(1“)”2)1[’0[4:1]- J

d

Using Po(Z: = 0) = 47 [(d + 1) 4 d(L — 1)e~2(+dbt],

_ p*(L—1) _ .
(t) =p(p+1) + W(l _ e 21rdl)ty, (17)J
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Inclusion processes
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The second moment ¢2(t) of IP L = 1024.
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Conclusion

Conclusion

@ The coarsening time scale of CGZRP is €; = t_ﬁ for
v € (0,1].

o The coarsening time scale of CGIP d = 0 is ¢; = X

I
@ The use of the size-biased birth death chain provides a
strong tool to analyze the dynamics without finite size

effects and significantly improves statistics.

@ This approach is generic and can be adapted to other
condensing particle systems such as Inclusion processes
(work in progress).
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Conclusion
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