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LD Subexp Example Cramér Definitions LD Probabilities Results

A toy example

Suppose { X, }nen is a sequence of i.i.d. r.v.'s with
X; ~ N(m,o?).

_ X4 2
Then, X, = H_——i_Xn ~ N(m, J*)
n

and for any x > m

o _n(@=m)?

2 du
T2 ~ & 202
ﬂf“ m © V2 V2mn(x —m)

P[Xn
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A toy example

Suppose { X, }nen is a sequence of i.i.d. r.v.'s with

X; ~ N(m,o?).
_ X o+ X 2
Then, X, = i ~ N(m, J*)
n n
and for any x > m
_ o0 W2 du o n(z—m)?
Pl X, >z :/ e 2 ~ e 202
[Xn 2 ] ale—m) V2r V2mn(x —m)
That is,
1 _ (x —m)?
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A toy example Il

Suppose { X, }rnen is a sequence of i.i.d. r.v.'s with
Xz' ~ J\/(m, 02).

Then,

X, X ~ N (0, 217
and o b

X; — X, X, are independent.
Hence,

> (n —1)o?

) — N(z, ).
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A toy example Il

Suppose { X, }nen is a sequence of i.i.d. r.v.'s with
X; ~ N(m,a?).

With a bit more work we find

0.2

COV(Xi — Xn,Xj — Xn) = 02(57;j -

n

and, if we set e’ = (1,1,...,1), then for any k € N
2

ﬁ[(Xh 7Xk) ‘ Xn :Z'] :N(‘re702ﬂk - 1eeT) _>:U’k
n

where the law p is N (x,0?).

Bath 4/7/2016 Subexponential LD & Condensing ZRP



LD Subexp Example Cramér Definitions LD Probabilities Results

Cramér's theorem

Suppose { X, }nen are i.i.d. r.v.'s with common law p and
M()N) = E[e*M] < oo, for [A] < .
If z > E[X,] then
1 _
E105_:;1[»[)(71 > x| — —1(2),
where

I(z) = 81>1\p (Az —log M (X))

E[X]

[Cramér 1938].
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Gibbs conditioning

Gibbs conditioning principle explains how the rare event is typically
realised.
‘C[(XlaXQ) SRR Xk‘) ’Xn > Jf] — lu{:
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Gibbs conditioning

Gibbs conditioning principle explains how the rare event is typically
realised. B
£[(X17X27an‘) ’anx] _)Mli

5 solves the following variational problem

vel

inf H(v|p), where Z={veMMR): /uu(du) > x}

and

H(vlp) =

[ flog f du ifu<<uwithf:g—z,
+00 otherwise
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Gibbs conditioning

Gibbs conditioning principle explains how the rare event is typically

realised. B
‘C[(XlaXQ) s an‘) ’Xn > Jf] — [L':f

5 solves the following variational problem

vel

inf H(v|p), where Z={veMMR): /uu(du) > x}

and
[ flog f du ifu<<uwithf:g—z,
+00 otherwise

H(vlp) = {

We may take k = k(n) — oo slowly, but the result is no longer
true if k = O(n) [Dembo-Zeitouni 1996].
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Subexponential Distributions

The picture is completely different when p has no exponential

moments, i.e. M(\) = E[e*¥i] = oo for all A > 0. A distribution

1 supported on the positive half-line is called subexponential if
P[X +Y > :U]

lim ——————— =
e=oe P[X > 1]

where X, Y are independent pu-distributed r.v.'s.
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Subexponential Distributions

The picture is completely different when p has no exponential
moments, i.e. M(\) = E[e*¥i] = oo for all A > 0. A distribution
1 supported on the positive half-line is called subexponential if

. P[X +Y > :U]
lim ————— =
e=oe P[X > 1]
where X, Y are independent pu-distributed r.v.'s.

Heavy-tailed distributions typically used in applications are all in
this class.

o Regularly varying tails: P[X; > 2] ~ 277 L(z) with v > 0,
@ Lognormal type tails: P[Xl > :U} ~ g B logm)® N5
o Weibull type tails: P[Xl > x} ~aPe ™ N < 1.
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Large Deviation Probabilities

When X1, X5, -+, X, are i.i.d. and subexponential the large
deviations probabilities of their sum are typically given by

P[Xl +.-+ X, > JU] ~ nP [Xl > 95] [Heyde 1968, Nagaev 1969, ..., Denisov et al 2009]
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Large Deviation Probabilities

When X1, X5, -+, X, are i.i.d. and subexponential the large
deviations probabilities of their sum are typically given by

P[Xl +.-+ X, > JU] ~ npP [Xl > 95] [Heyde 1968, Nagaev 1969, ..., Denisov et al 2009]
Note that since it is always true that
P[max{Xy,...,X,} > z] ~ nP[X; > z],

subexponentiality implies that a large deviation of the sum is
typically realised by a single big jump.

J_LM PRI ! ¥ R L doow |

Bath 4/7/2016 Subexponential LD & Condensing ZRP



LD Subexp Example Cramér Definitions LD Probabilities Results

Gibbs conditioning for Subexponential r.v.'s

Theorem (l. Armenddriz, ML)

Let X1, Xo... be i.i.d. r.v."s with subexponential distribution .
Define py = L[X; | X; > x|, and

Mn,xzﬁ[(leaXn)’Xl"i‘+Xn>x]

Then,

lim sup
Tr—00 7L<A(

— J ><
Hn, 2 ZU ,Uf:c) ¢

=0.

The maximum entirely absorbs the correlations introduced by
conditioning- the bulk becomes asymptotically independent.
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Idea of the proof

Proof: (for nonnegative r.v.'s) Note that if 4 is a probability
measure, u[A] >0, and pa[-] = p[- | A], then p4 is the solution
to the minimization problem

in H(v|p).
finy (v]p)
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Idea of the proof

Proof: (for nonnegative r.v.'s) Note that if 4 is a probability
measure, u[A] >0, and pa[-] = p[- | A], then p4 is the solution
to the minimization problem

in H(v|p).
finy (v]p)

Conditional distribution:  fine = p™[ + |14 + 2y > .
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Idea of the proof

Proof: (for nonnegative r.v.'s) Note that if 4 is a probability
measure, u[A] >0, and pa[-] = p[- | A], then p4 is the solution
to the minimization problem

in H(v|p).
finy (v]p)

Conditional distribution:  fine = p™[ + |14 + 2y > .
Candidate distribution: a5, , = &+ 3% o7 ("1 X pg).
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Idea of the proof

Proof: (for nonnegative r.v.'s) Note that if 4 is a probability
measure, u[A] >0, and pa[-] = p[- | A], then p4 is the solution
to the minimization problem

in H(v|p).
finy (v]p)

Conditional distribution:  fine = p™[ + |14 + 2y > .
Candidate distribution: a5, , = & 3% o7 (1"~ ! X pg). By
Csiszar's parallelogram identity and Pinsker’s inequality

e — 1 2 lley. < H(ph o | ™) — H (b | 1)

< log (W) + nP[X; > a].
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Gibbs conditioning for Subexponential r.v.'s (local case)

Theorem

Let X1, X5... bei.i.d. lattice r.v.'s with subexponential
distribution w. For admissible values of z, define

Wi,z zﬁ[(Xl,...,Xn) | Sn:x].

If y%,x is a distribution on R™ with marginal on the co-ordinates
other that j equal to ! and conditional distribution of the j-th
co-ordinate given the others 595—22,# =, then

. IS5~
lim sup | lten,z — - Z vy olltv. = 0.
i=1
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The condensing zero-range process

State space: X = {0,1,...}* n= (M) zen-
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The condensing zero-range process

State space: X = {0,1,...}} 0= (N),en-
Dynamics: If there are k particles at a site z, one of them leaves
after an exponential time with rate g(k), where

9:10,1,2,...} = [0,00)

and goes to y € T with probability p(z,y). [Spitzer, 1970)]

Jump rates: ¢ | : effective attraction.
A standard model for condensation [Evans, 2000]

1+% keN
O+W € for A€ (0,1], (b>2if A =1,

—N—
Q
—~
(el
=
(I

Jump probabilities: p(z,y) € [0, 1]
Zp(a;,y) = Zp(a:,y) =1, walk irreducible.
y T
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Invariant product measures

Conservation of the number of particles Z Nz (t) = const.
€A

leads to a family of invariant product measures

Grand-canonical measures (fugacity ¢) Product measures over A
with marginals for 7

k
velk| = z(lgb) g'QZk) where gl(k) = Hg(n)

defined when the partition function z(¢) = >, % converges.
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Invariant product measures

Conservation of the number of particles Z Nz (t) = const.
€A

leads to a family of invariant product measures

Grand-canonical measures (fugacity ¢) Product measures over A
with marginals for 7

k
velk| = z(lgb) g'QZk) where gl(k) = Hg(n)

defined when the partition function z(¢) = >, % converges.

1 kb L A=1,b>2
g!(k) exp(— 125 k), A e (0,1)
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Invariant product measures

Conservation of the number of particles Z N (t) = const.
e

leads to a family of invariant product measures

Grand-canonical measures (fugacity ¢) Product measures over A
with marginals for 7,

k
vy k] = z(lgb)g:zzk) where g!(k) = H g(n)

defined for ¢ < ¢, = 1.
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Invariant product measures

Conservation of the number of particles Z N (t) = const.
e

leads to a family of invariant product measures

Grand-canonical measures (fugacity ¢) Product measures over A
with marginals for 7,

1 ¢k
ok = 5 am

defined for ¢ < ¢, = 1.

where gl(k) = H g(n)

Density R(¢):<77$>V¢:¢8¢logz(¢) 1+ ing

Critical densit = lim R < 400.
y o pe= lim (¢)
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Canonical ensembles

Now consider the ZRP with N particles on |Ar| = L sites.

The process is irreducible over

XLJV:{T]EXL : SL(”) = an:N}

TEAL

Canonical measures Invariant measures 17, y supported on Xy, n

1
HﬂfGAL 9'(nz)

HL,.N [77] 1

ZTFSL(H)=N Toen, 9'(nz)
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Canonical ensembles

Now consider the ZRP with N particles on L sites.

The process is irreducible over

XL,NZ{’I’IEXL : SL(’I’]) = Zﬂx:N}.

rEAL

Canonical measures Invariant measures p7, n supported on Xy,

pr -] :uﬁ[ : ‘SL("?)ZN}
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Canonical ensembles

Now consider the ZRP with N particles on L sites.

The process is irreducible over

XL,NZ{’I’IEXL : SL(’I’]) = Zﬂx:N}.

rEAL

Canonical measures Invariant measures p7, n supported on Xy,
L
prnl-] :V@[ : ‘ Sr(n) ZN}
with ¢ < ¢. =1 and

o . K ifA=1,b>2
_ = X _Lkﬂ*)\ .
e 1T-X if Ae (0,1)
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Canonical ensembles

Now consider the ZRP with N particles on L sites.

The process is irreducible over

XLJV:{?’]EXL : SL(”) = an:N}

TEAL

Canonical measures Invariant measures 17, v supported on Xy, n

pLn| -] ZVH : ’ SL(TI):N}

Question: How large is My, = mz{%\x N under pp N?
TxENL
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Subcritical Densities

If N/L — p < p. there exists a fugacity ¢(p) < ¢. (= 1) such that
<77x>u¢(p> =P
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Subcritical Densities

If N/L — p < p. there exists a fugacity ¢(p) < ¢. (= 1) such that
<77x>u¢(p> =P

Think of iz [ -] =vh, | | Scm) = N].

The event we are conditioning upon is not so unlikely, and locally
pr,n behaves as a product of vy,) in the limit (equivalence of
ensembles.)

With a bit more work one sees that the typical size of M}, under

: L
o, N is the same as under Vo)
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Subcritical Densities

If N/L — p < p. there exists a fugacity ¢(p) < ¢. (= 1) such that
<77x>u¢(p> =P

Think of iz [ -] =vh, | | Scm) = N].

The event we are conditioning upon is not so unlikely, and locally
pr,n behaves as a product of vy,) in the limit (equivalence of
ensembles.)

With a bit more work one sees that the typical size of M}, under

: L
o, N is the same as under Vo)

Vs(p) has exponentially decaying tails: v, [kz] ~
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Subcritical Densities

If N/L — p < p. there exists a fugacity ¢(p) < ¢. (= 1) such that
<77x>u¢(p> =P

Think of iz [ -] =vh, | | Scm) = N].

The event we are conditioning upon is not so unlikely, and locally
pr,n behaves as a product of vy,) in the limit (equivalence of
ensembles.)

With a bit more work one sees that the typical size of M}, under

: L
o, N is the same as under Vo)

Vs(p) has exponentially decaying tails: v, [kz] ~

Me s el =0, 0<elp) <+
M | |ioep ~ <) > € : c(p) < +o0.
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Supercritical Densities

If N/L — p > p. there exists no fugacity that corresponds to this
density.

Now think of ML,N['] :y(ﬁ(‘[ . ‘ Sr(m) :N]

The event we are conditioning upon is a rare event and we need to
understand how this large deviation of the sum is typically realised.

Recall that vy, is subexponential:
" I A=1,b>2
v, ~ _
. = LYY

Understanding the invariant measures 17, v reduces to Gibbs
conditioning for subexponential r.v's

pLN| -] =V¢c[ : ‘ an:N]

zeT
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Canonical measures and condensation

Equivalence of ensembles [Grosskinsky, Schiitz, Spohn '03]
In the thermodynamic limit L, N - o0, N/L—p

R(¢)=p, p<pc

w
LN — Vs Where
BL, ? { O=0¢c , p=pe

5
k‘ pe(b)
af \
fluid condensed
e M. /L-0 My/L=p—pc
fluid \\ “fii‘?’ﬂ (p-pol.
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Corollaries to the strong invariance principle

Let My = max,eT 1y

@ Since M+ mass in the bulk = N, pur, y-a.s we get a
conditional stable LT for the maximum from the stable LT for
i.i.d. variables. If v, has finite variance (b > 3)

My, — (N — pcL) ] /m _y2j2 dy
<z|— eV
BLN oV'L - —oo V2

(confirming the conjecture obtained from numerical
simulations by Godréche & Luck.)

Bath 4/7/2016 Subexponential LD & Condensing ZRP



SuperCr-ZRP Definitions Maximum Supercritical equivalence

Corollaries to the strong invariance principle

Let My = max,eT 1y

@ Since M+ mass in the bulk = N, pur, y-a.s we get a
conditional stable LT for the maximum from the stable LT for
i.i.d. variables. If v, has finite variance (b > 3)

My, — (N — pcL) ] /m _y2j2 dy
<z|— eV
BLN oV'L - —oo V2

(confirming the conjecture obtained from numerical
simulations by Godréche & Luck.)

@ Conditional k-order statistics converge to unconditional
(k — 1)-order statistics. E.g. if Mf) is the second largest of
the {7y }zer then
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Cr-ZRP Question Zoom Out Critical Scales Zoom in

ArOU nd Crltica | Ity [Armendariz, Grosskinsky, L, 2013]

Subcritical density: The maximum My, (n) = maxzecp, 1z is
O(log L) with Gumbel fluctuations.

M —afp)log L
oy L(n) BL(p) gl _,

Subexponential LD & Condensing ZRP



Cr-ZRP Question Zoom Out Critical Scales Zoom in

ArOU nd Crltica | Ity [Armendariz, Grosskinsky, L, 2013]

Subcritical density: The maximum My, (n) = maxzecp, 1z is
O(log L) with Gumbel fluctuations.

M — log L
ML’N[ L(n) —alp)logl _ x] -
672
Supercritical density: The maximum M, (n) is O(L) with
gaussian fluctuations.

o [ML(W) — (N —pclL)
) O'\/Z

e~

<z] — ().
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ArOU nd Crltica | Ity [Armendariz, Grosskinsky, L, 2013]

Subcritical density: The maximum My, (n) = maxzecp, 1z is
O(log L) with Gumbel fluctuations.

ML’N[ML("?) —Bzz(p) log L gz] e

Supercritical density: The maximum M, (n) is O(L) with
gaussian fluctuations.

Mp(m) = (N —pel) _

—x

,UL,N[

oVL

How does M (n) behave as we go \
through the critical density? In particular, |7 " \\ st
when does the condensate emerge? #

3 fluid \ condensed
\

Ferrari/ Evans, Majumdar 2008 b ‘




Question Zoom Out Critical Scales Zoom in

Small deviations

Let's focus on the case A = 1 and b > 3 so that 02 < +0o0.
_ —b
Vg, [Uz = k} ~ k7.

There is a region around p.L where the distribution of the
maximum under 7, ;v asymptotically behaves as the maximum of
L independent samples drawn from v

Subexponential LD & Condensing ZRP
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Small deviations

Let's focus on the case A = 1 and b > 3 so that 02 < +0o0.

Vg, [Uz = k} ~ k0.
There is a region around p.L where the distribution of the
maximum under 7, ;v asymptotically behaves as the maximum of
L independent samples drawn from v

Proposition

If —L5=t < N — p.L < /L1og L, then

UL, N [ML < .%'Lﬁ] ~ V£C |:ML < IIZLﬁ — e—umlfb Vo > 0.
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Small deviations

Let's focus on the case A = 1 and b > 3 so that 02 < +0o0.
_ —b
Vg, [Uz = k} ~ k7.

There is a region around p.L where the distribution of the
maximum under 7, ;v asymptotically behaves as the maximum of
L independent samples drawn from v

Proposition

If —L5=t < N — p.L < /L1og L, then

UL, N [ML < .%'Lﬁ] ~ V£C |:ML < IIZLﬁ — e—umlfb Vo > 0.

1
Critical behaviour: Typical size of the maximum is L?-1 with
Frechét fluctuations.
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Large Deviations

Above the critical scale, the bulk variables become asymptotically
independent and the maximum satisfies a law of large numbers and
a central limit theorem. That is,

Proposition
If N —p.L > +/LlogL, then
ML HL,N
—— 51 d
N —piL , an

My — (N — ch)
o?L

—45 N(0,1).

/2016 Subexponential LD & Condensing ZRP



Question Zoom Out Critical Scales Zoom in

Large Deviations

Above the critical scale, the bulk variables become asymptotically
independent and the maximum satisfies a law of large numbers and
a central limit theorem. That is,

Proposition
If N —p.L > +/LlogL, then
ML HL,N
—— 51 d
N —piL , an

My — (N — ch)
o?L

—45 N(0,1).

Supercritical behaviour: Typical size of the maximum is N — p.L
with Gaussian fluctuations.

/2016 Subexponential LD & Condensing ZRP
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Large Deviations (downside)

Below the lower critical scale, the asymptotic distribution of the
maximum under i, ny becomes Gumbel.

Proposition

If poL — N > Li=1, then

KL,N [ML <Arp+ HCBL} —e ¢,
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Large Deviations (downside)

Below the lower critical scale, the asymptotic distribution of the
maximum under i, ny becomes Gumbel.

Proposition

If poL — N > Li=1, then
WL, N [ML <Arp+ HCBL} —e ¢,

where

1

log J, L1 L—N

ALN(b—l)Lbfll Og L, BLN , JLZPCT
Jr Jr L1

— OQ.

Subritical behaviour: The size of the maximum gradually reduces
1
from L?-1 to log L with Gumbel fluctuations.
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Lower Critical Scale

At the lower critical scale the asymptotic distribution of the
maximum under pi;, v changes from Fréchet to Gumbel.

Proposition

L-N
prcT—mu>O,then

L1

1 +oo ot dt
pur,N | Mg < mefl} — expq —C e 5 , Vo > 0.
x
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Critical Scale

N — pcL = O(v/Llog L) is the scale at which the condensate
emerges. Define
A =04/ (b—3)LlogL
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Critical Scale

N — pcL = O(v/Llog L) is the scale at which the condensate
emerges. Define
A =04/ (b—3)LlogL

N — p.L
lim —Pe~ <1 — Critical picture
Ap
My, ~ Lﬁ, Frechét fluctuations.
N — p.L
limTpc >1 — Supercritical picture
L

My ~ N — p.L, gaussian fluctuations.
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Critical Scale

N — pcL = O(v/Llog L) is the scale at which the condensate
emerges. Define
A =04/ (b—3)LlogL

N — p.L
lim —Pe~ <1 — Critical picture
Ap
My, ~ Lﬁ, Frechét fluctuations.
N — p.L
limTpc >1 — Supercritical picture
L

My ~ N — p.L, gaussian fluctuations.
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Cr-ZRP Question Zoom Out Critical Scales Zoom in

Phase transition

If N—p.L=(1-¢AL
@ The conditional distribution of the maximum is asymptotically

equivalent to that of the maximum of independent r.v.’s
drawn from v .

o My = O(AL), and the number of particles in the bulk is
peL +O(AL).

Bath 4/7/2016 Subexponential LD & Condensing ZRP



Cr-ZRP Question Zoom Out Critical Scales Zoom in

Phase transition

If N—p.L=(1-¢AL
@ The conditional distribution of the maximum is asymptotically

equivalent to that of the maximum of independent r.v.’s
drawn from v .

o My = O(AL), and the number of particles in the bulk is
peL +O(AL).
If N—p.L=(14+¢AL
@ All L — 1 bulk variables become asymptotically independent
with marginal distribution v, .

e My ~ Ay, and the number of particles in the bulk is
pCL+O(AL).
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Phase transition

If N—p.L=(1-¢AL
@ The conditional distribution of the maximum is asymptotically

equivalent to that of the maximum of independent r.v.’s
drawn from v .

o My = O(AL), and the number of particles in the bulk is
peL +O(AL).
If N—p.L=(14+¢AL
@ All L — 1 bulk variables become asymptotically independent
with marginal distribution v, .
e My ~ Ay, and the number of particles in the bulk is
pCL + O(AL) .
The condensate appears with the removal of particles from the

bulk. The correlations shift from being entirely absorbed by the
bulk, to being entirely absorbed by the maximum.
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Cr-ZRP Question Zoom Out Critical Scales Zoom in

At the critical point

Suppose now

b loglogL YL )

N —pL = A1
pel = A ( T ob-3) logL logL
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Cr-ZRP Question Zoom Out Critical Scales Zoom in

At the critical point

Suppose now

b loglogL YL
N —pL =A (1 )
pe M0 =3) TogL T logL
v — —00 — Critical picture
vL, — +00 — Supercritical picture
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Cr-ZRP Question Zoom Out Critical Scales Zoom in

At the critical point

Suppose now

b loglogL YL )

N —pL = A1
P 1 T ob-3) logL logL

v — —00 — Critical picture
vL, — +00 — Supercritical picture

|f’7L—>’}’€R,

Mrp  poN
L N p
prCL e(p’y),

where p, € (0, 1) is such that py, — 0(1) as v — —oo(+00).
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Cr-ZRP Question Zoom Out Critical Scales Zoom in

The law of large numbers when \ < 1.

Comparison of the law of large numbers for the power law and the
stretched exponential case.

ML
lim

(N =L pc)

1r - ——————————— = — = — =

A=1
Ae(0,1)
21
WA
(N =L pc)
O 3 : lim ’
1 2 AL
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Conclusion
Conclusion

@ We saw how large deviations for subexponential r.v.’s are
typically realised: one variable assumes a big value and the
bulk becomes asymptotically independent.

@ We used this knowledge to obtain refined results for the
typical size of the condensate and its fluctuations at
supercritical densities.

@ Emergence of the giant component: LLN & fluctuations for
the maximum if N = p.L + o(L)

@ Metastability — stay tuned for the following talk by I.
Armendariz!
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Thank you for your attention
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