The backbone decomposition for spatially
dependent supercritical superprocesses

A. E. Kyprianou, J-L, Pérez and Y.-X. Ren

Abstract Consider any supercritical Galton-Watson process which may become ex-
tinct with positive probability. It is a well-understood and intuitively obvious phe-
nomenon that, on the survival set, the process may be pathwise decomposed into
a stochastically ‘thinner’ Galton-Watson process, which almost surely survives and
which is decorated with immigrants, at every time step, initiating independent copies
of the original Galton-Watson process conditioned to become extinct. The thinner
process is known as the backbone and characterizes the genealogical lines of de-
scent of prolific individuals in the original process. Here, prolific means individuals
who have at least one descendant in every subsequent generation to their own.

Starting with Evans and O’Connell [18], there exists a cluster of literature,
[14, 32, 5, 2, 28], describing the analogue of this decomposition (the so-called
backbone decomposition) for a variety of different classes of superprocesses and
continuous-state branching processes. Note that the latter family of stochastic pro-
cesses may be seen as the total mass process of superprocesses with non-spatially
dependent branching mechanism.

In this article we consolidate the aforementioned collection of results concerning
backbone decompositions and describe a result for a general class of supercritical
superprocesses with spatially dependent branching mechanisms. Our approach ex-
poses the commonality and robustness of many of the existing arguments in the
literature.
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1 Superprocesses and Markov branching processes

This paper concerns a fundamental decomposition which can be found amongst a
general family of superprocesses and has, to date, been identified for a number of
specific sub-families thereof by a variety of different authors. We therefore start
by briefly describing the general family of superprocesses that we shall concern
ourselves with. The reader is referred to the many, and now classical, works of
Dynkin for further details of what we present below; see for example [7, 8, 9, 10,
11]. The books of Le Gall [30], Etheridge [15] and Li [31] also serve as an excellent
point of reference.

Let E be a domain of R¢. Following the setting of Fitzsimmons [21], we are
interested in strong Markov processes, X = {X; : # > 0} which are valued in .ZF (E),
the space of finite measures with support in E. The evolution of X depends on two
quantities & and . Here, 2 = {2, :t > 0} is the semi-group of an R¢-valued
diffusion killed on exiting E, and y is a so-called branching mechanism which, by
assumption, takes the form

W(x,A) = —a(x)A + B> + /(O‘w) (e — 14+ A2)7m(x,d2), 1)

where a and § > 0 are bounded measurable mappings from E to R and [0,c0)
respectively and for each x € E, m(x,dz) is a measure concentrated on (0,c0) such
that x — f<07w) (zAz?)7(x,dz) is bounded and measurable. The latter ensure that the
total mass of X is finite in expectation at each time. For technical reasons, we shall
additionally assume that the diffusion associated to &7 satisfies certain conditions.
These conditions are lifted from Section II.1.1 (Assumptions 1.1A and 1.1B) on
pages 1218-1219 of [8]'. They state that &2 has associated infinitesimal generator

7§’al’j8xiaxl~ ; "ox;’

where the coefficients a; ; and b; are space dependent coefficients satisfying:

(Uniform Elliptically) There exists a constant y > 0 such that
Zai7juiuj > ’}/Zulz
il i

forall x € E and uy,--- ,uy € R.

(Holder Continuity) The coefficients a; ; and b; are uniformly bounded and Holder
continuous in such way that there exist a constants C > 0 and o € (0, 1] with

jaij(¥) —aij (), 1bilx) = bi(y)| < Clx—y|*

! The assumptions on &2 may in principle be relaxed. The main reason for this imposition here
comes in the proof of Lemma 5 where a comparison principle is used for diffusions.
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for all x,y € E. Throughout, we shall refer to X as the (£, y)-superprocess.

For each u € .#F(E) we denote by P, the law of X when issued from initial
state Xo = . The semi-group of X, which in particular characterizes the laws {P, :
U € #F(E)}, can be described as follows. For each u € .#p(E) and all f € bp(E),
the space of non-negative, bounded measurable functions on E,

Eu(e<f’X’>):exp{—/Euf(x,t),u(dx)} >0, 2)

where us(x,1) is the unique non-negative solution to the equation

up(x,t) = /ds Py (- up(-,t—s))](x) XxXeEt>0. (3)

See for example Theorem 1.1 on pages 1208-1209 of [8] or Proposition 2.3 of [21].
Here we have used the standard inner product notation,

= [ rem(as

for 4 € A (E) and any f such that the integral makes sense.
Suppose that we define & = {(1,X;) = 0 for some 7 > 0}, the event of extinction.
For each x € E write
w(x) = —logPs (&). 4)

It follows from (2) that

]Eu(e_{’(l’x’))—exp{—/ug(x,t)/.t(dx)} 1>0, (5)
E

Note that ug(t,x) is increasing in 6 and that P, ((1,X;) = 0) is monotone increasing.
Using these facts and letting 8 — oo, then t — oo, we get that

IP’#(é”)—th_}rgIPu(O X)) = —exp{ Etlggelglzoug X t)u(dx)}. (6)
By choosing it = 9§y, with x € E, we see that
Pul6) =exp{ - [ win(an }. ™

For the special case that y does not depend on x and &7 is conservative, (1,X;)
is a continuous state branching process. If (A ) satisfy the following condition:

e ]
———dA < oo,
| v

then [P, almost surely we have & = {lim; ,.(1,X;) = 0}, that is to say the event of
extinction is equivalent to the event of extinguishing, see [2] and [28] for examples.
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By first conditioning the event & on .%; := o{X; : s < t}, we find that for all

t>0,
E,J(e‘WX')) — e~ WmH).

The function w will play an important role in the forthcoming analysis and hence-
forth we shall assume that it respects the following property.

(A): w is locally bounded away from O and co.

Note that the notion of supercriticality is implicitly hidden in the assumption
above, specifically in that w is locally bounded away from 0. This ensures that the
extinction probability in (7) is not unity. We point out that we do not need local
compact support property of X. The reason we consider diffusion as our spatial
motion is that we will use the comparison principle of some integral equation, see
(47) below. We expect that our results hold for more general superprocesses, for
example, super-Lévy processes.

The pathwise evolution of superprocesses is somewhat difficult to visualise on
account of their realisations at each fixed time being sampled from the space of
finite measures. However a related class of stochastic processes which exhibit sim-
ilar mathematical properties to superprocesses and whose paths are much easier
to visualise is that of Markov branching processes. A Markov branching process
Z ={Z; :t > 0} takes values in the space .#,(FE) of finite atomic measures in E tak-
ing the form Y} | &,,, where n € NU{0} and xy,- - - ,x, € E. To describe its evolution
we need to specify two quantities, (£, F), where, as before, & is the semi-group
of a diffusion on E and F is the so-called branching generator which takes the form

F(x,s):q(x)an(x)(s”—s), xX€E,;s€0,1], (8)

n>0

where ¢ is a bounded measurable mapping from E to [0,0) and, the measurable se-
quences {p,(x) : n > 0}, x € E, are probability distributions. For each v € .#,(E),
we denote by P, the law of Z when issued from initial state Zo = v. The probability
Py can be constructed in a pathwise sense as follows. From each point in the support
of v we issue an independent copy of the diffusion with semi-group <. Indepen-
dently of one another, for (x,f) € E x [0,00), each of these particles will be killed
at rate ¢(x)dr to be replaced at their space-time point of death by n > 0 particles
with probability p,(x). Relative to their point of creation, new particles behave in-
dependently to one another, as well as to existing particles, and undergo the same
life cycle in law as their parents.

By conditioning on the first split time in the above description of a (£, F)-
Markov branching process, it is also possible to show that for any f € bp(E),

Ev(e<f’Z’>)—exp{—/Evf(x,t)v(dx)} 1>0,

where vy(x,1) solves
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t
e = e (x) + /0 ds ZF (e N](x)  x€E,t>0. (9)

Moreover, it is known, cf. Theorem 1.1 on pages 1208-1209 of [8], that the solution
to this equation is unique. This shows a similar characterisation of the semi-groups
of Markov branching processes to those of superprocesses.

The close similarities between the two processes become clearer when one takes
account of the fact that the existence of superprocesses can be justified through a
high density scaling procedure of Markov branching processes. Roughly speaking,
for a fixed triplet, (1, &, ¥), one may construct a sequence of Markov branching
processes, say {Z(") :n > 1}, such that the n-th element of the sequence is issued
with an initial configuration of points which is taken to be an independent Poisson
random measure with intensity nyt and branching generator F,, satisfying

Fi(x,s) = %[l{/(x,n(l —s))+ a(x)n(1-s)], x€E,;se€[0,1].

It is not immediately obvious that the right-hand side above conforms to the required
structure of branching generators as stipulated in (8), however this can be shown to
be the case; see for example the discussion on p.93 of [31]. It is now a straight-
forward exercise to show that for all f € bp(E) and ¢ > 0 the law of (f,n~1Z™)
converges weakly to the law of (f,X;), where the measure X, satisfies (2). A little
more work shows the convergence of the sequence of processes {n_IZ(") ‘n>1}
in an appropriate sense to a (&, y)-superprocess issued from an initial state (.

Rather than going into the details of this scaling limit, we focus instead in this pa-
per on another connection between superprocesses and branching processes which
explains their many similarities without the need to refer to a scaling limit. The ba-
sic idea is that, under suitable assumptions, for a given (&2, y)-superprocess, there
exists a related Markov branching process, Z, with computable characteristics such
that at each fixed ¢ > 0, the law of Z; may be coupled to the law of X; in such
a way that, given X;, Z; has the law of a Poisson random measure with intensity
w(x)X;(dx), where w is given by (4). The study of so-called backbone decomposi-
tions pertains to how the aforementioned Poisson embedding may be implemented
in a pathwise sense at the level of processes.

The remainder of this paper is structured as follows. In the next section we briefly
review the sense and settings in which backbone decompositions have been previ-
ously studied. Section 3 looks at some preliminary results needed to address the
general backbone decomposition that we deal with in Sections 4, 5 and 6.

2 A brief history of backbones

The basic idea of a backbone decomposition can be traced back to the setting of
Galton-Watson trees with ideas coming from Harris and Sevast’yanov; cf Harris
[24]. Within any supercritical Galton-Watson process with a single initial ancestor
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for which the probability of survival is not equal to O or 1, one may identify pro-
lific genealogical lines of descent on the event of survival. That is to say, infinite
sequences of descendants which have the property that every individual has at least
one descendant in every subsequent generation beyond its own. Together, these pro-
lific genealogical lines of descent make a Galton-Watson tree which is thinner than
the original tree. One may describe the original Galton-Watson process in terms of
this thinner Galton-Watson process, which we now refer to as a backbone, as fol-
lows. Let 0 < p < 1 be the probability of survival. Consider a branching process
which, with probability 1 — p, is an independent copy of the original Galton-Watson
process conditioned to become extinct and, with probability p, is a copy of the
backbone process, having the additional feature that every individual in the back-
bone process immigrates an additional random number of offspring, each of which
initiate independent copies of the original Galton-Watson process conditioned to
become extinct. With an appropriate choice of immigration numbers, the resulting
object has the same law as the original Galton-Watson process.

In Evans and O’Connell [18], and later in Engldnder and Pinsky [14], a new de-
composition of a supercritical superprocess with quadratic branching mechanism
was introduced in which one may write the distribution of the superprocess at time
t > 0 as the result of summing two independent processes together. The first is a
copy of the original process conditioned on extinction. The second process is under-
stood as the superposition of mass from independent copies of the original process
conditioned on extinction which have immigrated ‘continuously’ along the path of
an auxiliary dyadic branching particle diffusion which starts with a random number
of initial ancestors whose cardinality and spatial position is governed by an inde-
pendent Poisson point process. The embedded branching particle system is known
as the backbone (as opposed to the spine or immortal particle which appears in an-
other related decomposition, introduced in Roelly-Coppoletta and Rouault [33] and
Evans [17]). In both [18] and [14] the decomposition is seen through the semi-group
evolution equations which drive the process semi-group. However no pathwise con-
struction is offered.

A pathwise backbone decomposition appears in Salisbury and Verzani [32], who
consider the case of conditioning a super-Brownian motion as it exits a given do-
main such that the exit measure contains at least n pre-specified points in its support.
There it was found that the conditioned process has the same law as the superposi-
tion of mass that immigrates in a Poissonian way along the spatial path of a branch-
ing particle motion which exits the domain with precisely n particles at the pre-
specified points. Another pathwise backbone decomposition for branching particle
systems is given in Etheridge and Williams [16], which is used in combination with
a limiting procedure to prove another version of Evan’s immortal particle picture.

In Duquesne and Winkel [5] a version of the Evans-O’Connell backbone de-
composition was established for more general branching mechanisms, albeit with-
out taking account of spatial motion. In their case, quadratic branching is replaced
by a general branching mechanism y which is the Laplace exponent of a spec-
trally positive Lévy process and which satisfies the conditions 0 < —y/(0+) < o
and [T 1/y(&)dE < . Moreover, the decomposition is offered in the pathwise
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sense and is described through the growth of genealogical trees embedded within
the underling continuous state branching process. The backbone is a continuous-
time Galton Watson process and the general nature of the branching mechanism
induces three different kinds of immigration. Firstly there is continuous immigra-
tion which is described by a Poisson point process of independent processes along
the trajectory of the backbone where the rate of immigration is given by a so-called
excursion measure which assigns zero initial mass, and finite life length of the im-
migrating processes. A second Poisson point process along the backbone describes
the immigration of independent processes where the rate of immigration is given
by the law of the original process conditioned on extinguishing and with a posi-
tive initial volume of mass randomised by an infinite measure. This accounts for
so-called discontinuous immigration. Finally, at the times of branching of the back-
bone, independent copies of the original process conditioned on extinguishing are
immigrated with randomly distributed initial mass which depends on the number of
offspring at the branch point. The last two forms of immigration do not occur when
the branching mechanism is purely quadratic.

Concurrently to the work of [5] and within the class of branching mechanisms
corresponding to spectrally positive Lévy processes with paths of unbounded vari-
ation (also allowing for the case that —y’(0+) = o0), Bertoin et al. [3] identify the
aforementioned backbone as characterizing prolific genealogies within the under-
ling continuous state branching process.

Berestycki et al. [2] extend the results of [18] and [5], showing that for su-
perprocesses with relatively general motion and non-spatial branching mechanism
corresponding to spectrally positive Lévy processes with finite mean, a pathwise
backbone decomposition arises. The role of the backbone is played by a branch-
ing particle diffusion with the same motion operator as the superprocesses and, like
Salisbury and Verzani [32], additional mass immigrates along the trajectory of the
backbone in a Poissonian way. Finally Kyprianou and Ren [28] look at the case of a
continuous-state branching process with immigration for which a similar backbone
decomposition to [2] can be shown.

As alluded to in the abstract, our objective in this article is to provide a general
backbone decomposition which overlaps with many of the cases listed above and, in
particular, exposes the general effect on the backbone of spatially dependent branch-
ing. It is also our intention to demonstrate the robustness of some of the arguments
that have been used in earlier work on backbone decompositions. Specifically, we
are referring to the original manipulations associated with the semi-group equations
given in Evans and O’Connell [18] and Engléander and Pinsky [14], as well as the use
the Dynkin-Kuznetsov excursion measure, as found in Salisbury and Verzani [32],
Berestyki et al. [2] and Kyprianou and Ren [28], to describe the rate of immigration
along the backbone.
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3 Preliminaries

Before stating and proving the backbone decomposition, it will first be necessary to
describe a number of mathematical structures which will play an important role.

3.1 Localisation

Suppose that the stochastic process & = {& : ¢t > 0} on EU {t}, where { is its
cemetery state, is the diffusion in E corresponding to the semi-group . We shall
denote its probabilities by {I1, : x € E'}. Throughout this paper, we shall take bp(E X
[0,7]) to be the space of non-negative, bounded measurable functions on E x [0,¢],
and it is implicitly understood that for all functions f € bp(E x [0,¢]), we extend
their spatial domain to include {t} and set f({*,s}) =0.

Definition 1. For any open, bounded set D compactly embedded in E (written D CC
E), and t > 0, there exists a random measure X supported on the boundary of
D x [0,¢) such that, for all f € bp(E x [0,7]) with the additional property that the
value of f(x,s) on E X [0,¢] is independent of s and u € .#F(D), the space of finite
measures on D,

—logE, (e—<f,>?,z>>) _ /Eﬁ?(x,t),u(dx), >0, (10)

where LT? (x,1) is the unique non-negative solution to the integral equation

ﬁ?(xvt) = Hx[f(gtArDJ/\TD)] —1II, [/OIAT W(gsﬂ}?(éﬁt —s))ds |, (11)

andN”L'D =inf{t > 0,& € Dﬁ }. Note that, here, we use the obvious notation that
(F:XP) = [y (o)) f(x:5)XP (dx,ds). Moreover, with a slight abuse of notation,
since their effective spatial domain is restricted to DU {t} in the above equation,
we treat  and 17]9 as functions in bp(E x [0,¢]) and accordingly it is clear how to

handle a spatial argument equal to f, as before. In the language of Dynkin [10], )?tD
is called an exit measure. B

Now we define a random measure X on D such that (f,X”) = (f,XP) for any
f € bp(D), the space of non-negative, bounded measurable functions on D, where,
henceforth, as is appropriate, we regard f as a function defined on E x [0, ) in the

sense that A )
x), x€D
f(x’t):{o, xeE\D. a2)

Then for any f € bp(D) and u € .#r (D),
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e
~togBy (¢ ) = [Wl(eou(@o, 10, (13)
E

where u’f? (x,7) is the unique non-negative solution to the integral equation

uf (x,1) = IL[f(&):t < T — I, [/Om v(&,u? (& t—5))ds|, xeD. (14)

As a process in time, XP = {)?ID st > 0} is a superprocess with branching mech-
anism Y(x,A)1p(x), but whose associated semi-group is replaced by that of the
process & absorbed on dD. Similarly, as a process in time, X? = {XP :t > 0} is a
superprocess with branching mechanism y(x,A)1p(x), but whose associated semi-
group is replaced by that of the process & killed upon leaving D. One may think of
XP as describing the mass at time ¢ in X which historically avoids exiting the do-
main D. Note moreover that for any two open bounded domains, D; CC D, CC E,
the processes XDt and XP2 (and hence XP! and XP2) are consistent in the sense that

XD = (xP)Pr, (15)

for all £ > 0 (and similarly X' = (X?)P1 for all 1 > 0).

3.2 Conditioning on extinction

In the spirit of the relationship between (10) and (11), we have that w is the unique
solution to

w(x) = Hx[w(ét/\r[’)] —II; [/OIAT W(ésvw(gs))ds] ) xeD, (16)

for all open domains D CC E. Again, with a slight abuse of notation, we treat w with
its spatial domain E U {1} as a function on E X [0,7] and w(}) := 0. From Lemma
1.5 in [8] we may transform (16) to the equation

»wwzrnﬁwgw»ap{—émm““é”“@”m}], xeD

W(éé‘)
which shows that for all open bounded domains D,
tATP ) !
wgp)epd - [T VEREN R g (7
0 w(&s)

is a martingale.
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The function w can be used to locally describe the law of the superprocess when
conditioned on global extinction (as opposed to extinction on the sub-domain D).
The following lemma outlines standard theory.

Lemma 1. Suppose that L € M (E) satisfies (w, l1) < o (s0, for example, it suffices
that U is compactly supported). Define

Pu() =Pu(-[&).

Then for any f € bp(E x [0,1]) with the additional property that the value of f(x,s)
on E x [0,t] is independent of s and |1 € M (D),

—10gIE* / f’ (x,t)u

where ﬁ?* (x,1) = E?er(x,t) —w(x) and it is the unique solution of

ﬁ?7*<x,z>=nx[f<émn>1—nxMATD‘/’*@svﬁ?’*@sﬁ—s))cis’ xeb, s

where y* (x,4) = y(x,A +w(x)) — w(x,w(x)), restricted to D, is a branching mech-
anism of the kind described in the introduction and for each i € Mr(E), (X,IP},) is
a superprocess. Specifically, on E,

¥ (A) =~ ()4 +B(x)A% + /(0 m)(eflz —1+Az)n"(x,dz),  (19)

where

@ () = alx) 2B (wlx) — /( N e V)27 (x, d2)

and
T (x,dz) = e W (x,dz) on E x (0,00).

Proof. For all f € bp(d(D x [0,))) with the additional property that the value of
f(x,5) on E x [0,7] is independent of s, we have
E;(e’<f?’?tD>) = E, (e 5))8)
el Ey (e fXD )
By (e rxP) o (1s))
el Eu(e” s XP) )

— e M +n( 7l> >

Using (11) and (16) then it is straightforward to check that ﬁ’*(x,t) = IYJDCHV(x, t)—
w(x) is a non-negative solution to (18), which is necessarily unique. The proof is
complete as soon as we can show that y*(x,A), restricted to D, is a branching
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mechanism which falls into the appropriate class. One easily verifies the formula
(19) and that the new parameters a* and 7*, restricted to D, respect the properties
stipulated in the definition of a branching mechanism in the introduction. (|

Corollary 1. For any bounded open domain D CC E, any function f € bp(D) and
any W € Mr(D) satisfying (w, 1) < o,

—logE), (e_<f’X'D>> = u?’*(x,t)ﬂ(dx),
D

where u?’*(x,t) = 17?+W(x,t) —w(x) and it is the unique solution of

Wl (1) = I [f(&)st < ) — T, [/o V(G up (Gt —s))ds|, xED,

(20
where W is defined by (19).

3.3 Excursion measure

Associated to the law of the processes X, are the measures {N} : x € E'}, defined
on the same measurable space as the probabilities {IE”’(%Y :x € E} are defined on, and
which satisfy '

Ni(1—e %) = —log B (e X)) = uj(x,1), 21)

for all f € bp(E) and ¢t > 0. Intuitively speaking, the branching property implies
that IP’Z;Y is an infinitely divisible measure on the path space of X, that is to say the
space of measure-valued cadlag functions, D([0,e0) x . (E)), and (21) is a ‘Lévy-
Khinchine’ formula in which N} plays the role of its ‘Lévy measure’. Such measures
are formally defined and explored in detail in [13].
Note that, by the monotonicity property, for any two open bounded domains,
Dy CCDy,CCE,
<f7XtD1> < <f7XtD2> N)t'a'ew

for all f € bp(D;) understood in the sense of (12), x € Dy and ¢ > 0. Moreover, for
an open bounded domain D and f as before, it is also clear that N*(1 — e (1P ) =
ulf)’* (x,1).

* The measures {N%: x € E} will play a crucial role in the forthcoming analysis in
order to describe the ‘rate’ of a Poisson point process of immigration.
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3.4 A Markov branching process

In this section we introduce a particular Markov branching process which is built
from the components of the (£, y)-superprocess and which plays a central role in
the backbone decomposition.

Recall that we abuse our notation and extend the domain of w with the implicit
understanding that w(T) = 0. Note, moreover, that thanks to (17), we have that, for

x € E, wx)"'w(&)exp{— [y w(& w(&))/w(&)ds} is in general a positive local
martingale (and hence a supermartingale) under I1,. For each t > 0, let (%5 =o(&:
s<t).Let{ =inf{r > 0:& € {T}} be the life time of . The formula

—W(@)exp{—/ot”’(és’(gffs))ds} on{t<(}, 1>0x€E,

¢  ow(x) w

arry
drl,

(22)
uniquely determines a family of (sub-)probability measures {IT}' : x € E}. It is
known that under these new probabilities, & is a right Markov process on E; see
[6, Section 10.4], [25] or [34, Section 62]. We will denote by 2% the semi-group of
the E U {t}-valued process & whose probabilities are {II} : x € E'}.

Remark 1. The equation (16) may formally be associated with the equation Lw(x) —
y(x,w(x)) =0 on E, and the semi-group 4" corresponds to the diffusion with
generator

LY =LY —w 'Lw=L"—w ly(-,w),

where L"u = w~'L(wu) for any u in the domain of L. Intuitively speaking, this
means that the dynamics associated to #2", encourages the motion of & to visit
domains where the global survival rate is high and discourages it from visiting do-
mains where the global survival rate is low. (Recall from (7) that larger values of
w(x) make extinction of the (&, y)-superprocess less likely under P .)

Henceforth the process Z = {Z, : t > 0} will denote the Markov branching pro-
cess whose particles move with associated semi-group £?". Moreover, the branch-
ing generator is given by

F(x,s) = q(x) Zopn (x)(s" =), (23)
where
4(x) = ¥ (rw(x)) — W 24)

x—* xX)w”(x w(x . y—efw(x) X
P = g { By 4 [ Deraean ).

Here we use the notation
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V(o) = ()

, xek.
A=w(x)

Note that the choice of g(x) ensures that {p, (x) : n > 0} is a probability mass func-
tion. In order to see that g(x) > 0 for all x € E (but g # 0), write

q(x) = B(x)w(x) + L /(O.m) (1— e‘wmz(l +w(x)z))m(x,dz) (25)

w(x)
and note that B >0, w>0and 1 — e_lz(l +Az), A > 0, are all non-negative.

Definition 2. In the sequel we shall refer to Z as the (22", F)-backbone. Moreover,
in the spirit of Definition 1, for all bounded domains D and ¢ > 0, we shall also
define ZP to be the atomic measure, supported on @ (D x [0,7)), describing particles
in Z which are first in their genealogical line of descent to exit the domain D X [0, 7).

Just as with the case of exit measures for superprocesses, we define the random
measure, Z2 = {ZP :t > 0}, on D such that (f,ZP) = (f,ZP) for any f € bp(D),
where we remind the reader that we regard f as a function defined on E X [0,00)
as in (12). As a process in time, Z” is a Markov branching process, with branching
generator which is the same as in (23) except that the branching rate ¢(x) is replaced
by ¢”(x) := g(x)1p(x), and associated motion semi-group given by that of the pro-
cess & killed upon leaving D. Similarly to the case of superprocesses, for any two
open bounded domains, D; CC D, CC E, the processes ZP1 and 7ZP2 (and hence
ZP1 and ZP2) are consistent in the sense that

Z0 =z

for all £ > 0 (and similarly Z' = (Z”*)P1 for all £ > 0).

4 Local backbone decomposition

We are interested in immigrating (&2, y*)-superprocesses onto the path of an
(&Y F)-backbone within the confines of an open, bounded domain D CC E and
initial configuration v € .#,(D), the space of finite atomic measures in D of the
form Y}, &, where n € NU{0} and xy,--- ,x, € D. There will be three types of
immigration: continuous, discontinuous and branch-point immigration which we
now describe in detail. In doing so, we shall need to refer to individuals in the pro-
cess Z for which we shall use classical Ulam-Harris notation, see for example p290
of Harris and Hardy [23]. Although the Ulam-Harris labelling of individuals is rich
enough to encode genealogical order, the only feature we really need of the Ulam-
Harris notation is that individuals are uniquely identifiable amongst .7, the set labels
of individuals realised in Z. For each individual u € .7 we shall write b, and d,, for
its birth and death times respectively, {z,(r) : r € [b,,d,]} for its spatial trajectory
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and N, for the number of offspring it has at time d,,. We shall also write .7 for the
set of labels of individuals realised in Z”. For each u € 7P we shall also define

2 = inf{s € [by,d.], z.(s) € D},

with the usual convention that inf® := . Note that if u € 72, we denote by o its
historical path on [0,d,] (the spatial motion of its ancestors, including itself). Then
we have inf{r > 0: w(¢) € D°} > b,.

Definition 3. For v € .#,(D) and u € .#F (D), let Z° be a Markov branching pro-
cess with initial configuration v, branching generator which is the same as in (23),
except that the branching rate ¢(x) is replaced by ¢”(x) := g(x)1p(x), and associ-
ated motion semi-group given by that of &2 killed upon leaving D. Let X?** be an
independent copy of X” under IPj;. Then we define the measure valued stochastic

process AP = {AP :t > 0} such that, for t >0,
AP = P PN PE P (26)

where 1PN = {IPN" ¢ > 0}, IPP = {1PF .1 > 0} and 127 = {17 .1 > 0} are
defined as follows.

i) (Continuous immigration:) The process I N is measure-valued on D such that

Jr y y xilwn),

ue TP by<r<tnd,NtP

where, given Z?, independently for each u € 7P such that b, < t,

Z 6(,,ﬁx(D.l,uJ)>

by<r<tAd,N\tP
is a Poisson point process on [by,t Ad, A TP] x D([0,) x . (E)) with intensity
dr x 2 (zu(r))dNG, ;).
ii) (Discontinuous immigration:) The process IPF" is measure-valued on D such

that ’ (D2
D,P* sl T
P =Y )) x5

ue 7P b, <r<tAd,NTtP

where, given zb, independently for each u € . D such that b, < t,

Z 6(}‘,X<D‘2’”’r))

by<r<tAd,AtP

is a Poisson point process on [by,t Ad, A TP] x D([0,) x . (E)) with intensity
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dr / e Va2, (1), dy) x dPY5
hews’ (@l ) X Byt

iii)(Branch point biased immigration:) The process I”" is measure-valued on D

such that
D.3.u)

Dn (
L‘—lemﬁﬂwv
ue gD

where, given Z?, independently for each u € .7 such that d,, < t A T2, the pro-
cesses X (P34 are independent copies of the canonical process X issued at time

d, with law IP”;u 8.0t such that, given u has n > 2 offspring, the independent

zu(du

random variable Y, has distribution 1,,(z,,(d,,),dy), where

n

(B 0I8(@ 102y +0 G (00|
n!

(27

It is not difficult to see that A is consistent in the domain D in the sense of (15).

Accordingly, we denote by P(,, , the law induced by {A”,D € G(E),t > 0}, where
O (E) is the collection of bounded open sets in E.

1

W6 d) = )

The so-called backbone decomposition of (X?,P,,) for i € .#F (D) entails look-
ing at the process A” in the special case that we randomise the law P, v) by replac-
ing the deterministic choice of v with a Poisson random measure having intensity
measure w(x)u(dx). We denote the resulting law by P,.

Theorem 1. For any |t € (D), the process (AP, Py,) is Markovian and has the
same law as (XP,Py).

5 Proof of Theorem 1

The proof involves several intermediary results in the spirit of the non-spatially de-
pendent case of Berestycki et al. [2]. Localisation will be an important part of the
process, allowing us to make use of Assumption A and uniqueness properties for
certain integral equations. Accordingly, throughout we take D as an open, bounded
domain such that D CC E. Any function f defined on D will be extended to E by
defining f =0on E\D.

Lemma 2. Suppose that L € M4y (D), v € My(D), t > 0 and f € bp(D). We have

DN* D P* 4 "
B (N2 s <)) mexp{ = [[t0af -0 2P0
where

0(x,A) = 2B(0)2 + /( B e M)ze N (xdy),  xeD,A>0. (28)
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Proof. We write

PN Py = Y g xBhe Y Y (rx P,

ue 7P b, <r<tAd,NTtP ue TP by<r<tnd,NtP

Hence conditioning on Z”, appealing to the independence of the immigration pro-

cesses together with Campbell’s formula and that N*(1 — e~/ X9 N = u?'*(x, s), we

have

E(uy)(e” i I{ZD s<t})

t/\du/\ru XD
-y 2/ B(zu(r)) - N; (1 —e” VX )dr
uegb

tAdy TP

:exp{— Yy 2 A ﬁ(zu(r))u?’*(zu(r),t—r)dr}. (29)
uc P u

On the other hand

- D P*
Eq (e VI I{ZP s <1}

z/\d,,/\r
=exp{ L[ [ et an; (,<1—e<f’Xf"r>>dr}

ucgb
tAdy /\Tu
) exp{ L e )”’”)yeW<Zu<’>>>'n(zu<r>,dy)dr} |
ucgb bu
(30)
Combining (29) and (30) the desired result follows. O

Lemma 3. Suppose that the real-valued function J(s,x,A) defined on [0,T) x D x R
satisfies that for any ¢ > 0 there is a constant A(c) such that

W (s,x, A1) = J(5,x,A2)| < A(c) |41 = Az,

forall s € [0,T), x € D and Ai,A2 € [—c,c|. Then for any bounded measurable
Sfunction g(s,x) on [0,T) X D, the integral equation

f
v(t,x) = g(t,x) +/ IT [J(t —s,&,v(t —5,&))ss < 2] dx, t€10,T),
0
has at most one bounded solution.

Proof. Suppose that v; and v; are two solutions, then there is a constant ¢ > 0 such
that —c <vy,vy <cand

1=l £4(0) [ v =2l )ds
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where |[vi —v2||(t) = sup,ep |vi(t,x) —va(t,x)|, t € (0,T). It follows from Gron-
wall’s lemma (see, for example, Lemma 1.1 on page 1208 of [8]) that ||v; — v, ||(r) =

0,r €10,7).

Lemma 4. Fix t > 0. Suppose that f,h € bp(D) and g(x) is jointly measurable in
(x,5) € D x [0,t] and bounded on finite time horizons of s such that gs(x) = 0 for
x € D¢. Then for any U € Mr (D), x € Dandt >0,

1
e M =B, [eXp ( | s ZP)as— (0P - <h,z,D>)}
is the unique [0, 1]-valued solution to the integral equation
wx)e WD) = I, [w(Eney e 00|

+Hx /Ot/\TD [Hzfs(és; *W(és)e_w(éht_s)) - W(éx)e_wgs.t_”gtﬂ‘(é‘y)

—y(&, W(és))ew(&"”)]dS] , (31)
for x € D, where
Hyy(x,A) = g(x)A+B(0)A2+ / Tl 14 Ay)e OHE E= g 4y xeD,
0

and q(x) was defined in (24).

Proof. Following Evans and O’Connell [18] it suffices to prove the result in the case
when g is time invariant. To this end, let us start by defining the semi-group 2"
by

intlP . —
PPk (x) = IO, <e 0" ’1<¢s>d-‘k(gm[,)> for h,k € bp(D), (32)
where, for convenience, we shall write
PPk = 7K. (33)
Recall that for 4,k € bp(D), h(x) = k(x) = 0 for x ¢ D. Then we have

PP (x) = IT, (e*féh@s)dfk(@);t < ’L'D> for bk €bp(D).  (34)

Define the function ¥ (x) = y(x,w(x))/w(x). Conditioning on the first splitting
time in the process Z” and recalling that the branching occurs at the spatial rate
qP (x) = 1p(x) (¥ (x,w(x)) — x(x)) we get that for any x € D,
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—Wi(x 1 g —h
e W) — 7w(x) @f+q+x’D[we ]](x)

/ " exp (— / S<g+q><ér>dr)

{ Zp eV (&st—s) /(‘Om) (és,dy) *yu F(Egit—s }ds] (35)

n>2

+I1Y

From (27) we quickly find that for x € D,

an 7rzW (ot — s)/ )n (x dy) —}u (et —s)

n>2 (0,

= x,—w(x)e V) 4 (x)g(x)e W) L
e Vst =) )+ w(x)q(x) }

Using the above expression in (35) we have that

W(x)e—W(x,t) _ gzthrl]JrX,D[we—th)

/(:MD exp (—/Os(ngqux)(ér)dr)

[(His (& —w(E)e™ &) (&g (&)e ™ &) ds].

+I1,

Now appealing to Lemma 1.2 in Dynkin [11] and recalling that % () = y(-,w(-)) /w(-)
on D, we may deduce that for any x € D,

w()e V) = 2P fwe ) (x)

st [ G (&) ) (e e G

w(Ew(E))e W Eds| (36)

as required. Note that in the above computations we have implicitly used that w is
uniformly bounded away from co on D.

To complete the proof we need to show uniqueness of solutions to (36). Lemma 3
offers sufficient conditions for uniqueness of solutions to a general family of integral
equations which includes (36). In order to check these sufficient conditions, let us
define w” = sup, ., w(y). Thanks to Assumption (A) we have that 0 < w" < eo. For
5 >0,x€ Dand A € [0,wP], define the function J(s,x,A) := [Hy(x,—1) — (g(x) +
X (x))A]. We rewrite (36) as

w(x)e V&) = 2P ywe ) (x) +/Ot II, [J(t — 5, &, w(&)e VeI 5 < ’L’D} ds.
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Lemma 3 tells us that (36) has a unique solution as soon as we can show that J
is continuous in s and that for each fixed T > 0, there exists a K > 0 (which may
depend on D and T') such that

sup sup |J(S,y,)t]) _J(Svy712)| < KVL] _A'Z‘7 /’Ll:lQ S (07WD]'
s<T yeD

Recall that g(y) is assumed to be bounded, moreover, Assumption (A) together with
the fact that

sup lo)|+B0)+ | (ens)mind) | <o )

yeD

also implies that ) is bounded on D. Appealing to the triangle inequality, it now
suffices to check that for each fixed 7" > 0, there exists a K > 0 such that

supsup |Hy (v, —A1) — Hy (v, —A2)| < K| — A2|, A1, A2 € (0,w7]. (38)
s<T yeD

First note from Proposition 2.3 of Fitzsimmons [21] that

supsup u?’* (x,8) < oo. (39)
s<T xeD °

Straightforward differentiation of the function Hy(x, —A) in the variable A yields

d

— 57 Hie 1) = q(x) ~2B (WA + /<0 O ehe)e O e ).

Appealing to (37) and (39) it is not difficult to show that the derivative above is
uniformly bounded in absolute value for s < 7', x € D and A € [0,w?], from which
(38) follows by straightforward linearisation. The proof is now complete. [

Theorem 2. For every L € #r (D), v € #,(D) and f,h € bp(D)

(ef<varD>7<hvzzD>) — e_<M?1*("t)'“>_<vj?h('vt)~v> (40)

b

Euv)

(x:1)

D
where e 11" is the unique [0, 1]-solution to the integral equation

w(x)e 1) = T [w(Engy)e 60|
I, [ [ @) ) L (Gt 9) (2 ot S))]ds}ém
0

Proof. Thanks to Corollary 1 it suffices to prove that

<f',IP>—<h7ZP>) — e*(\/‘?h(qt),V)

i

E(uv)(e”
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where P := [P:N" 4 [DF* +1IP7 and v?h solves (41). Putting Lemma 2 and Lemma

4 together we only need to show that, when g,_(-) = ¢ (-, u?’*(-,t —s)) (where ¢ is

given by (28)), we have that exp{—W (x,)} is the unique [0, 1]-valued solution to
(41). Again following the lead of [2], in particular referring to Lemma 5 there, it is
easy to see that on D

Hy (- =w(-)e U)ol (= s))w(-)e WO "’(;;Zf)('”w(-)e—wv-r—s)

= W*('vw(')ei‘V(.JﬁY) +M?,*('at_s)) - ‘I’*('aM?’*('J—S))7

which implies that exp{—W (x,)} is the unique [0, 1]-valued solution to (41). O

Proof of Theorem 1:. The proof is guided by the calculation in the proof of The-
orem 2 of [2]. We start by addressing the claim that (A? ,P,) is a Markov process.
Given the Markov property of the pair (A”,ZP), it suffices to show that, given AP,
the atomic measure Z” is equal in law to a Poisson random measure with inten-
sity w(x)AP. Thanks to Campbell’s formula for Poisson random measures, this is
equivalent to showing that for all & € bp(D),

E, (ef(h,Z,D> 1AP) = o~ (w(1=e7").4P)

b

which in turn is equivalent to showing that for all f,h € bp(D),
Ey (e*<f-,AtD>*<h~ZzD>) =K, (e*<W'(1*e”’)+f-,AP>)_ 42)

Note from (40) however that when we randomize Vv so that it has the law of a Poisson
random measure with intensity w(x)u(dx), we find the identity

Eu(e”P=070) = exp (<1 () —w- (1= e )

Moreover, if we replace f by w- (1 — e~ ")+ f and h by 0 in (40) and again randomize
v so that it has the law of a Poisson random measure with intensity w(x)u (dx) then
we get

E, (ef<w.(1fe*h>+f,AP>> —exp <-M§.’E‘1_fh)+f('v’) —w- (1 —exp {—v’w).(l_efhwyo}) ,u>~

These last two observations indicate that (42) is equivalent to showing that, for all
f,h as stipulated above and ¢ > 0,
(x.1)

P
W () Hw) (1= e D) =l () w1 e e

).

(43)
Note that both left and right-hand sides of the equality above are necessarily non-
negative given that they are Laplace exponents of the left and right-hand sides of
(42). Making use of (20), (16), and (41), it is computationally very straightforward

to show that both left and right-hand sides of (43) solve (14) with initial condition
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f+w(1—e"), which is bounded in D. Since (14) has a unique solution with this
initial condition, namely u? - (l_e,h)(x,t), we conclude that (43) holds true. The
proof of the claimed Markov property is thus complete.

Having now established the Markov property, the proof is complete as soon as
we can show that (A”,P,) has the same semi-group as (X?,PP,). However, from

the previous part of the proof we have already established that when f, 4 € bp(D),
E, (ef<h,ZP>f<f=AP>) o ey OO E, (ef<f+W(176’h>»X,D>) R
In particular, choosing 4 = 0 we find
E, (e—<f,AP>> —E, (e—<f,x,0>) .10,

which is equivalent to saying that the semi-groups of (A?,P,) and (XP,P,) agree.
O

6 Global backbone decomposition

So far we have localized our computations to an open bounded domain D. Our
ultimate objective is to provide a backbone decomposition on the whole domain E.
To this end, let D, be a sequence of open bounded domains in £ such that D; C
Dy C---CD,C---CEand E = U,>D,. Let XP», AP and ZP» be defined as in
previous sections with D being replaced by D,,.

Lemma 5. For any h, f € bp(E) with compact support and any U € Mr(E), we
have that for any t > 0, each element of the pair {({h,ZP"), (f,AP")) : s <t} path-
wise increases Py -almost surely as n — oo. The limiting pair of processes, here
denoted by {({(h,Z™") (f, AP")) : s <t}, are such that (f,A™") is equal in law
to (f,X;) and, given A™™, the law of Z™™ is a Poisson random field with inten-
sity w(x)A™ (dx). Moreover, Z™™ is a (2", F) branching process with branching
generator as in (23) and associated motion semi-group given by (22).

Proof. Appealing to the stochastic consistency of Z” and AP in the domain D, it
is clear that both (h,Z”",) and (f,AP") are almost surely increasing in n. It there-
fore follows that the limit as n — oo exists for both (i, Z"") and (f,AP"), P,,-almost
surely. In light of the discussion at the end of the proof of Theorem 1, the distribu-
tional properties of the limiting pair are established as soon as we show that

—IOgE# (ef<h7ztmin>7<f,A,‘“i")> = /Euw(lfff*h)ﬁ*f(x’t)u(dx)’ t>0. (45)

Assume temporarily that suppu, the support of u, is compactly embedded in E
so that there exists an ng € N such that for n > ng we have that suppu C D, and
h = f =0 on D. Thanks to (44) and monotone convergence (45) holds as soon
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as we can show that u?n 1T ug for all g € bp(E) satisfying g = 0 on D, for n > ny.
By (13) and (14), we know that u?” (x,7) is the unique non-negative solution to the
integral equation

ug" (1) = I8 (Ginay, )] = e UOMTDn (& uln (&t — s))ds} . (46)

Using Lemma 1.5 in [8] we can rewrite the above integral equation in the form

ud (x,t) = Iy [g(émrpn)exp (/OMTD" a(és)ds)]
I, [/Omrnn exp (/Os a(ér)dr) (W (&, ul (&gt —5)) + (& )ubn (&1 —5))] ds] 47

Since g = 0 on Dy, for n > ng, we have

1, et ewn ([ at@ons) | = 1 s@ren ([ at@ons) i<,

which is increasing in n. By the comparison principle, u?” is increasing in n (see
Theorem 3.2 in part IT of [8]). Put i, = lim, ugD". Note that y(x, A1)+ at(x)A is
increasing in A. Letting n — oo in (47), by the monotone convergence theorem,

B(01) = P~ I, [ PEW it =)+ o)),

where P11 [g(g,)exp </0t a(és)dsﬂ , gEbp(E),

which in turn is equivalent to

fig(x,1) = Psg(x) — Hx/ot Py (-, iig(-,t —s))ds.

Therefore, i, and u, are two solutions of (3) and hence by uniqueness they are the
same, as required.

To remove the initial assumption that the support of u is compactly embedded
in E, suppose that p, is a sequence of compactly supported measures with mutually
disjoint support such that ft = Y s~ . By considering (45) for Y} y; and taking
limits as n 1 o= we see that (45) holds for p. Note in particular that the limit on
the left hand side of (45) holds as a result of the additive property of the backbone
decomposition in the initial state g. 0O

Note that, in the style of the proof given above (appealing to monotonicity and the
maximality principle) we can easily show that the processes X”»*, n > 1, converge
distributionally at fixed times, and hence in law, to the process (X ,PZ); that is, a
(2, y*)-superprocess. With this in mind, again appealing to the consistency and



The backbone decomposition for spatially dependent supercritical superprocesses 23

monotonicity of the local backbone decomposition, our main result follows as a
simple corollary of Lemma 5.

Corollary 2. Suppose that L € M (E). Let Z be a (Y, F)-Markov branching pro-
cess with initial configuration consisting of a Poisson random field of particles in
E with intensity w(x)i(dx). Let X* be an independent copy of (X,P},). Then define
the measure valued stochastic process A = {A; 1t > 0} such that, fort > 0,

A =X 41V +17 410, (48)

where IV = {IN" 1t >0}, I" = {I” :1 >0} and I" = {I]' : t > 0} are defined as
follows.

i) (Continuum immigration:) The process I N* is measure-valued on E such that

N* _ (Lu,r)
It - Z Z Xt—r
ue.7 b,<r<tAd,

9

where, given Z, independently for each u €  such that b, < t,

Y )

by <r<tAdy,
is a Poisson point process on [by,t Nd,| x D(]0,00) X .# (E)) with intensity

dr x Zﬁ (Zu("))dNZ{(r)

ii) (Discontinuous immigration:) The process I¥" is measure-valued on E such
that )
P _ T
]t - Z Z Xt—r )
ueJ b,<r<tANd,

where, given Z, independently for each u € & such that b, < t,
Z 8<V,X(2’”'r))

by <r<tAdy

is a Poisson point process on [by,t Nd,| x D(][0,0) X .# (E)) with intensity

drx/ e @y (2, (r ,dy) x dIP? .
ye(O,m)y (zulr). &) (1)

iii)(Branch point biased immigration:) The process I" is measure-valued on E
such that ()
3u
=Y Y X>y,
ue7b
where, given Z, independently for each u € J such that d, < t, the processes
XGu) qre independent copies of the canonical process X issued at time d,, with
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law P} s ) such that, given u has n > 2 offspring, the independent random

Zu(du

variable Y, has distribution N,(z,(d,),dy), where n,(x,dy) is defined by (27).

Then (A,Py,) is Markovian and has the same law as (X,Py,).
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