LECTURE NOTES FOR MA20217 (ALGEBRA 2B)
SEMESTER 2 IN 2015/6

ABSTRACT. This course introduces abstract ring theory in order to establish in full the
structure theorem for linear operators on a finite dimensional vector space.
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1. RINGS

1.1. A reminder on groups. Informally, a ring is simply a set equipped with ‘sensible’
notions of addition and multiplication that are compatible. We would like the definition
to be broad enough to include examples like the set of n xn matrices over a fixed field with
the usual matrix addition and multiplication, the set of polynomials with coefficients in
some fixed field with the usual polynomial addition and multiplication, and the integers.
At the same time we want the definition to be somewhat restricted so that we can build
a general theory that deals with all these examples at once.

Before introducing the formal definition of a ring (and recalling that of a group), recall
that a binary operation on a set S is a function

fiSxS—S.

The binary operations that crop up here are typically addition, denoted +, or multipli-
cation, denoted -. We write a + b rather than +(a,b), and a - b rather than -(a, b).

Definition 1.1 (Group). A group is a pair (G,x*), where G is a set, x is a binary
operation on GG and the following axioms hold:

o (The associative law)
(axb)*xc=ax(bxc)forall a,b,c € G.
e (Existence of an identity) There exist an element e € G with the property that
exa=aand axe=a forall a € G.
o (The existence of an inverse) For each a € G there exists b € G such that
axb=bxa=e.

If it is clear from the context what the group operation * is, one often simply refers to
the group G rather than to the pair (G, *).
Remarks 1.2. Both the identity element and the inverse of a given element are unique:

(1) if e, f € G are two elements satisfying the identity property from (b) above, then
f=ex[f=e¢,

where the first identity follows from the fact that e satisfies the property and the

latter from the fact that f satisfies the property.
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(2) Given a € G, if b,c € G are both elements satisfying (c) above, then
b=bxe=bx(axc)=(bxa)xc=exc=c.
This unique element b is called the inverse of a. It is often denoted a ™.
Definition 1.3 (Abelian group). A group (G, ) is abelian if axb = bxa for all a, b € G.

The binary operation in an abelian group is often written as +, in which case the
identity element is denoted 0, and the inverse of an element a € G is denoted —a € G.

Definition 1.4 (Subgroup). A nonempty subset H of a group G is a subgroup of G iff
(1.1) Va,be€ H, wehave axb ' € H.

This version of the definition is great when you want to show that a subset is a subgroup,
because there’s so little to check. Despite this, we have (see Algebra 1A):

Lemma 1.5. A nonempty subset H of a group (G, *) is a subgroup if and only if (H, x)
18 @ group.

Proof. Let H be a subgroup of (G, ). Since H is nonempty, there exists a € H and hence
e = ax*xa ' € H by equation (1.1). For a € H, apply condition (1.1) to the elements
e,a € H toseethat a™! = exa™! € H. Also, for a,b € H, we've just shown that b=! € H,
so applying condition (1.1) to the elements a,b™' € H gives axb=ax (b"')"' € H. In
particular,  is a binary operation on H, and since (G, *) is a group, the operation % on H
is associative. For the converse, let H be a subset of G such that (H, ) is a group. Then
the identity element e € H, so H is nonempty. Let a,b € H. Then b~! lies in H since H
is a group, and since * is a binary operation on H we have a * b~ € H as required. [

1.2. Definitions and basic properties of rings. We now move on to rings.
Definition 1.6 (Ring). A ringis a triple (R, +, -), where R is a set with binary operations
+RxR—R (a,b)—~a+b and -:RXR—R (a,b)—a-b

such that the following axioms hold:

e (R,+) is an abelian group. Write 0 for the (unique) additive identity, and —a for
the (unique) additive inverse of a € R, so

(a+b)+c=a+(b+c) for all a,b,c € R;
a+0=ua for all a € R;
a+b=b+a for all a,b € R,

a+(—a)=0 for all @ € R.

e (The associative law under multiplication)

(@a-b)-c=a-(b-c) for all a,b,c € R;



e (The distributive laws hold)
a-(b+c)=(a-b)+(a-c) for all a,b,c € R;
(b+c¢)-a=(b-a)+ (c-a) for all a,b,c € R.
Notation 1.7. We often omit - and write ab instead of a - b. For simplicity we often avoid
brackets when there is no ambiguity. Here the same conventions hold as for real numbers,

i.e., that - has priority over +. For example ab + ac stands for (a - b) + (a - ¢) and not
(a-(b+a))-c. One also writes a® for a - a and 2a for a + a and so on.

Lemma 1.8. In any ring (R, +,-), we have
(1) a-0=0and 0=0-a for all a € R; and
(2) a-(=b)=—(a-b) and —(a-b) = (—a)-b for all a,b € R.

Proof. For (1), let a € R. Since 0 is an additive identity, one of the distributive laws gives
a-0=a-(04+0)=a-0+a-0.
Adding —(a - 0) on the left on both sides gives
—(a-0)+a-0=—(a-0)+a-0+a-0.

The left hand side is zero, and the associativity law gives that the right hand side is
(—(@-0)+a-0)+a-0=0+a-0=0a-0

as required. The second identity is similar. To prove (2), note that
a-b+a-(=b)=a-(b+(=b)=a-0=0.

This means that a - (—b) is the additive inverse of ab, that is, a - (—=b) = —(a - b). The
second identity is similar. O

Definition 1.9 (Units in a ring with 1). A ring (R, +, ) is called a ring with 1 (also
called a unital ring) if there is a multiplicative identity, i.e., an element 1 € R satisfying

a-1=1-a=aforall a € R.

An element a € R in a ring with 1 is a unit if it has a multiplicative inverse, i.e., if there
exists b€ Rsuch that a-b=0b-a=1.

Remarks 1.10. Let R be a ring with 1. Then:

(1) the multiplicative identity is unique. The same argument as before works, i.e., if
1,1 are both multiplicative identity elements, then 1 =1-1 = 1.
(2) The multiplicative inverse of a unit is unique, see Remark 1.2(2) for the argument.

We denote the multiplicative inverse by a™?.

Definition 1.11 (Other common types of ring). Let (R, +,-) be a ring. Then:

(1) R is a commutative ring if a-b="5b-a for all a,b € R.
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(2) R is an integral domain if it is a commutative ring with 1 in which 0 # 1, such
that if a,b € R satisfy ab =0, then a =0 or b = 0.

(3) R a division ring if it is a ring with 1 in which 0 # 1, such that every non-zero
element is a unit, i.e.,

for all a € R\ {0}, there exists b € R such that ab =1 = ba.
(4) R is a field if it is a commutative division ring.

Remark 1.12. Every field k is an integral domain. Indeed, if a,b € k satisfy ab = 0 and
ifa#0,thenb=1-b=a'ab=a"1'-0=0.

1.3. Examples of rings. We'll start with some familiar examples.

Examples 1.13. (1) Every field is a commutative ring and hence so are Q, R, C with
respect to the usual addition and multiplication.
(2) Division rings need not be commutative, so division rings need not be fields. We’ll
see an example of a noncommutative division ring (hence not a field) in section 4.
(3) The ring Z is an integral domain, but it’s not a division ring, so it’s not a field.
(4) The commutative ring Z, = {[0], [1], [2], [3]} satisfies [2] - [2] = [4] = [0] and yet
[2] # [0], so Z4 is not an integral domain.

Example 1.14 (The ring of n x n matrices over R). For any ring R, let M,(R)
denote the set of all n x n matrices with coefficients in the ring R. Then M, (R) is a ring
with respect to usual addition and multiplication of square matrices. If R is a ring with
1 then so is M, (R), but this ring is not commutative in general even if R is commutative
(ask yourself: what goes wrong?).

We’ll next look at an example that is probably less familiar.

Example 1.15 (The ring of formal power series with coefficients in R). Let R
be a ring and let x be a variable. A formal power series f over R is a formal expression

o0
f= E arz® = ag + a1 + asx® + agx® + -
k=0

with a, € R for k > 0 (we don’t worry about convergence: R is any ring, so we have no
notion of ‘distance’ between two elements). Let

R[z]] := {i arx" | a; € R for all k > 0}

k=0
5



be the set of all formal power series over R, where addition and multiplication on R[[x]]
are defined as follows:

Z apz® + Z bpa® =
k=0 k=0
(Z akxk> . (Z bk$k> = aobo + (albo + aobl):v + (agbo + (Ilb1 + aobg)x2 + -
k=0 k=0

k=0 \i+j=k

(ak + bk)xk

NE

e
Il
o

As R is an abelian group with respect to the ring addition it follows readily that (R[[x]], +)
is an abelian group in which the power series 0 = 0 + 0z 4 022 + - - - is the zero element.
To see that (R][[x]],+,-) is a ring, it remains to see that the multiplication is associative
and that the distributive laws hold. For this, let

f= Zakxk, g= Zbk$k7 h = chx’“
k=0 k=0 k=0
be formal power series. The coefficent of 2™ in the product (fg)h is
Z (aibj)ck
i+j+k=n
which (as multiplication in R is associative) is the same as
Z a;(bjck),
i+j+k=n
the coefficient of ™ in f(gh). It follows that (fg)h = f(gh), so multiplication in R[[z]]
is associative. Finally we check the distributive laws. The coefficent of 2™ in f(g + h) is

Z ai(bj + Cj) = Z CLibj -+ Z aicj

i+j=n i+j=n i+j=n
which equals the coefficient of ™ in fg+ fh, so f(g+h) = fg+ fh. Similary one proves
that (¢ + h)f = gf + hf. This completes the proof that (R[[z]], +,) is a ring.

Remarks 1.16. (1) Two formal power series Y -, axz® and Y ;- bpa* coincide if and
only if (ax) = (by), i.e., the variable z is superfluous.
(2) Many properties of the ring R carry over to R[[z]]; see Exercise sheet 1.

1.4. Subrings. We now introduce subrings of a ring.

Definition 1.17 (Subring). A nonempty subset S of a ring R is a subring iff
Va,be S, wehave a—beS.
Va,be S, wehave a-beS.

The sets of the form r + .5 = {r + s | s € S} for r € R are the cosets of S in R.
6



Lemma 1.18. Let S be a subset of a ring (R,+,-). Then S is a subring of R if and only
if (S,+,-) is a ring.

Proof. This is an exercise. O

Examples 1.19. (1) For any ring R, both {0} and R are subrings of R.

(2) The ring Z is a subring of Q which is a subring of R which is a subring of C under
the usual operations of addition and multiplication.

(3) The even integers Z2 are a subring of Z, and hence they form a ring in their own
right by Lemma 1.18. This ring is not a ‘ring with 1’. In particular, a subring of
a ‘ring with 1’ need not be a ‘ring with 17 (!).

(4) The Gaussian integers Z[i] := {a +bi € C | a,b € Z} form a subring of the field
C (see the exercise sheet), so Z[i] is a ring. The next result implies that Z[i] is an
integral domain.

Lemma 1.20. If a subring S of an integral domain R contains the element 1, then S is
an integral domain.

Proof. The only property of an integral domain R that is not necessarily inherited by
every subring is the existence of 1, but this follows from the assumptions. U

Example 1.21 (The ring of polynomials with coefficients in R). Let R be a
ring and let Y 77 apz* € R|[[z]] be a formal power series. If only finitely many of the
coefficients aj, are nonzero, we say that >~ apz® is a polynomial and we write

Rx] := {Z arz™ € R[[z]] | ax # 0 for only finitely many k > O}
k=0

for the subset of polynomials. In particular, by ignoring the terms with coefficient equal
to zero, any polynomial can be written as ay + a1z + - - - + a,x" for some n > 0. The
degree of a nonzero polynomial is the largest n such that a, # 0.

We claim that R[z] is a subring of R[[x]]. Indeed, if f =Y 77 apz*, g = > 72 bpz® are
polynomials of degree m and n respectively, then

f—g= Zakxk — Z bpat = Z(ak — by)x®
k=0 k=0 k=0

is a polynomial of degree at most max(m,n), and
>t Yot =3 (3 ) o
k=0 k=0 k=0 \it+j=k

is a polynomial of degree at most m + n. In particular, R[z] is a ring by Lemma 1.18.
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1.5. When do equivalence classes form a ring? For the moment, let R be any set.
Recall that a relation ~ on R is a subset S C R x R, in which case we write
a~b < (a,b)esS.

An equivalence relation on R is a relation ~ that is reflexive, symmetric and transitive,
and the equivalence class of an element a € R is the (nonempty) set

la] :={beR|b~a}

of elements that are equivalent to a. Every element lies in a unique equivalence class, and
any two distinct equivalences classes are disjoint subsets of R; we say that the equivalence
classes partition the set R (see Algebra 1A).

The key point for us is that an equivalence relation on a set R produces a new set,
namely the set of equivalence classes

R/~ :={[d] | a € R}.

Question 1.22. If R is a ring (not just a set), do we require extra conditions on an
equivalence relation ~ to ensure that the set R/~ of equivalence classes is a ring?

You've already seen examples of this in Algebra 1A:

Example 1.23 (The ring Z, of integers mod n). For any n € Z, consider the subset
Zn = {mn € Z | m € Z} of integers that are divisible by n (notice that Zn = Z(—n), so
we may as well assume n > 0). There is an equivalence relation ~ on Z defined by

a~b <= n|(b—a) <= b—a€Zn.

Any integer m can be written in the form m = gn + r for a unique 0 < r < n, in which
case [m] = [r]. Therefore the set of equivalence (or congruence) classes is simply

Zn:={la] |aezZ}={[0],[1],...,[n—1]}.

The crucial point for us is that Z, is more than a set: addition and multiplication can
be defined as follows:

la| + [b] :==[a+b] and [a]-[b]:=[a-0].

This says simply that we add and multiply the representatives a and b in Z, and then
take the equivalence class of the result using the fact that [n] = [0]. To be explicit, Z/Z3
has three elements [0], [1] and [2], and the addition and multiplication tables are

]
+ [0 [1] [2] - [0 [1] 2]
O] o] 1] [2] [0] | [o] [0} [0]
1] (1) 21 [0] Ap o) [ 2]
2] 2] (o] 1] 2] 0] 21 [1]
In this case, notice that both [1] and [2] have a multiplicative inverse. This shouldn’t be

a surprise: you know that Z, is a field if and only if n is a prime.
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End of Week 1

Definition 1.24 (Congruence relation). Let R be a ring and let ~ be an equivalence
relation on R. We say that ~ is a congruence iff for all a,b,d’, b’ € R, we have

(1.2) a~dandb~b = a+b~d +b anda-b~d -b.
The equivalence classes of a congruence ~ are called congruence classes.

Remark 1.25. This says simply that one can add or multiply any two equivalence classes
la], [b] € R/~ by first adding or multiplying any representative of the equivalence classes
in the ring R, and then taking the congruence class of the result.

Addition and multiplication in 7Z,, is possible precisely because the equivalence relation
~ on 7Z defined in Example 1.23 is a congruence. More generally, we have the following:

Theorem 1.26 (Quotient rings). Let ~ be a congruence on a ring R. Define addition
and multiplication on the set R/~ of equivalence classes as follows: for a,b € R, define

la] +[b] :=[a+b] and [a]-[b] :=][a-b]

Then (R/~,+,-) is a ring with zero element [0]. Moreover:

(1) if R is a ring with 1, then the element [1] makes R/~ into a ring with 1; and
(2) if R is commutative then so is R/~.

Proof. We first check that addition and multiplication are well-defined for equivalence
classes. For this, consider alternative representatives of the equivalence classes [a] and
b], say o’ € R satisfying [a] = [¢/] and ' € R satisfying [b] = [0/]. Then

[a'] + [V] = [a' + V] by definition
= [a + b] by the congruence property
= [a] + [0] by definition,

and similarly

[d]-[b] =[d V] by definition
= [a - b] by the congruence property
= [a] - [b] by definition

as required. This means that addition and multiplication define binary operations on the

set R/~ of equivalence classes. We now check that all the ring axioms hold:
9



(1) To check that (R/~,+) is an abelian group, (look at Exercise 1.1 or) note that
for a,b,c € R we have

([a] + (b)) +[c] = [a+b] +[c] = [(a+b) + ] = [a+ (b+ )] = [a] + [b+ ] = [a] + ([0] + [c]),

al+ b =[a+b =[b+a] =[b] +[a]

Also, we have [a] + [0] = [a + 0] = [a], so [0] is the zero element. Moreover,
[a] + [—a] = [a + (—a)] = [0], so [—a] is the additive identity of [a].
(2) To check that (R/~,-) is associative, note that for a,b,c € R we have

(la] - [8]) - [e] = [ad] - [¢] = [(ab)c] = [a(be)] = la] - [bc] = a] - ([b] - [c]).
(3) To check that R/~ satisfies the distributive laws, note that for a,b,c¢ € R we have

[e] - ([a] +[B]) = [d] - [a + 0] =

One proves that ([a] + [b]) - [c] = [a] - [¢] + [b] - [¢] similarly.
This completes the proof that (R/~,+,-) is a ring with zero element [0]. To finish off,
note first that if R is a ring with 1, then [1] € R/~ is a multiplcative identity because

a)- [ =fa-1] =[a] = [1 -] = [1]-a].
hence R/~ is a ring with 1. Finally, if R is commutative then
[a] - [b] = [a - 0] = [b- a] = [ab] - [a],

so R/~ is commutative. O

1.6. Ideals. In order to produce many examples of congruences, we first establish a link
between congrences and a very special class of subrings.

Lemma 1.27. Let ~ be a congruence relation on a ring R, and let I := [0] denote the
congruence class of 0. The nonempty set I satisfies the following properties:
Vabel, wehave a—bel
Vaecl,re R, wehave r-a,a-re€l.

Moreover, we have that:
(1) fora,be R, we have a ~b <= a—b € [0]; and

(2) the congruence classes of ~ are the cosets of I, i.e., [a] = a + [0] for all a € R.

Proof. See Exercise Sheet 2. O
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Definition 1.28 (Ideal). A nonempty subset I of a ring R is an ideal if and only if
Va,bel, wehave a—bel
Vael,re R, wehave r-a,a-r € l.

This simply means that an ideal is an additive subgroup that is closed under multipli-
cation by all elements of the ring.

Remark 1.29. Notice that every ideal [ in R is a subring of R. In particular, Lemma 1.18
implies that every ideal contains 0.

Example 1.30 (Principal ideal). Let R be a commutative ring and let @ € R. The set
Ra:={r-ae€ R|r e R}
(sometimes denoted (a) if the ring R is clear from the context) is an ideal of R; this is

called the ideal generated by a, and every ideal of this form is called a principal ideal.

Proposition 1.31. Let I be an ideal in R, and define ~ on R by setting
a~bifand onlyifa—>bel.
Then ~ is a congruence relation in which the equivalence classes are the cosets of I in

R, i.e., we have [a] = a+ I for all a € R. In particular, [0] = I.

Proof. We first show that ~ is an equivalence relation. Let a,b,c € R. Thena—a =0 ¢€ [
means a ~ a, so ~ is reflexive. If @ ~ b then a —b € [ and hence b—a = —(a —b) €
by Lemma 1.18. This gives b ~ a, so ~ is symmetric. Finally if a ~ b and b ~ ¢ then
a—0b,b—ce . As I is closed under addition, it follows that (a —b)+ (b—c) =a—ce€ I
and hence a ~ c¢. This shows that ~ is transitive, so ~ is an equivalence relation.

To prove that ~ is a congruence, let a,b,a’,b’ € R and suppose that a ~ a’ and b ~ V.
Then a —a’,b— 1 € I. Since [ is an ideal, we have

(a+b)—(d+V)=(a—d)+(b-V)el

by the first defining property of an ideal, so a+b ~ a’+¥'. Finally, by adding 0 = —ab'+al/
below, we get

ab—a't =ab+ [ —ab +ab] —a'V =a(b—V)+ (a— )W €1

by the second defining property of an ideal, so ab ~ @'’ as required.
For a € R, the equivalence class of a is

a]:={beR|b~a} = {beR|b—acl}
= {be R|3ie€lsuchthat b—a=1i}
= {a+s|iel}
= a+1

as claimed. O
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Proposition 1.31 says that ideals determine congruence relations, and it provides the
converse to Lemma 1.27. These results together establish a one-to-one correspondence
between congruences on a ring and ideals in that ring. We may therefore change our
point-of-view when considering quotient rings: then next definition simply rewrites the
definition of the quotient ring R/~ constructed in Theorem 1.26 directly in terms of the
ideal I associated to the congruence class ~.

Definition 1.32 (Quotient rings from ideals). Let I be an ideal in a ring R. The
quotient ring R/I is the set
R/I={a+1: a€ R}
of cosets of I in R, where we define addition and multiplication in the ring R/I by
(a+I)+(b+1) = (a+b)+1
(a+1)-(b+1) = (a-b)+1.
Remark 1.33. Remember that these addition and multiplication formulas simply mean

that we add and multiply the representatives a and b of each coset as if we're adding and
multiplying in R, and then we take the coset of the resulting element of R.

Example 1.34. In Example 1.23, the subset Zn of Z is an ideal, so Z,, := Z/Zn is a
ring. It’s a commutative ring with 1 because Z is too (recall that we may assume n > 1).

Example 1.35. For a ring R, consider the polynomial ring R[x]. Let
(z*) :={f-2” € Rz] | f € R[z]}

denote the ideal in R[z] generated by z2. This ideal determines the congruence relation
~ on R[z], where for f,g € R|x]

frg = f-gel?®) <= 2°|f -y
Any polynomial f can be written in the form f = gz + ax + b for unique a,b € R, so
[f] = [ax + b] for some a,b € R. Therefore
R[z]/(2*) = {[az + V] | a,b € R},
where addition and multiplication are given by
l[ax +b] + [cx + d] = [(a + ¢)x + (b+ d)]

and

[az + D] - [cx + d] = [acx® + (ad + bc)x + bd] = [(ad + be)z + bd)]
respectively. Notice that we add and multiply as if we’re working with polynomials and
then we modify the result using the fact that [z?] = [0].

End of Week 2.
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2. RING HOMOMORPHISMS

2.1. Definitions and examples. We now introduce ring homomorphims which do for
rings what maps do for sets, what linear maps do for vector spaces and what group
homomorphisms do for groups.

Definition 2.1 (Ring homomorphism). Let R, S be rings. A map ¢: R — S is said
to be a ring homomorphism if and only if for all a,b € R, we have
¢la+b) =¢(a) +¢(b) and  ¢(a-b) = ¢(a)- ¢(b).
Examples 2.2. Consider two maps from the integers involving the number 2:
(1) The function ¢: Z — Zs defined by

0 if n is even
o(n) = { 1 ifnisodd

is a ring homomorphism. Indeed, if we compare the rules for adding and multi-
plying even and odd integers

+ ‘ even ‘ odd . ‘ even ‘ odd
even | even | odd even | even | even
odd | odd | even odd | even | odd

with the addition and multiplication tables for Z,, we see that computing in
Z and then applying ¢ is the same as applying ¢ and then computing in Zs.

(2) The function ¢: Z — 27 defined by ¢(n) = 2n is not a ring homomorphism,
because ¢(nm) = 2nm is typically not equal to 4nm = (2n)(2m) = ¢(n)p(m).

Lemma 2.3. The composition of two ring homomorphisms is a ring homomorphism.
Proof. This is an exercise. O

Lemma 2.4. If ¢ : R — S is a ring homomorphism then

(1) fora,be€ R, we have ¢(b—a) = ¢(b) — ¢(a);

(2) #(0r) = Os;

(3) for a € R, we have ¢p(—a) = —¢(a).
Proof. For part (1), we have

¢(b—a) + ¢(a) = ¢((b—a) +a) = d(b+ (a—a)) = ¢(b+0) = 6(b),
and add —¢(a) to both sides. For (2), substitute b = @ in (1) to obtain
¢(0r) = d(a —a) = ¢(a) — ¢(a) = Os.
For part (3), substitute b = 0 into part (1) and use part (2) to obtain
¢(—a) = ¢(0r —a) = ¢(0r) — ¢(a) = 05 — ¢(a) = —¢(a)

as required. O
13



Example 2.5. For n € Zs, the map ¢: Z — Z, sending m to its equivalence class [m]
modulo n is a ring homomorphism. To see this, generalise the method from Example 2.2
above. For details, see Example 2.10 which provides a much broader generalisation.

Example 2.6 (Evaluation map). Let R be a commutative ring and choose r € R. Let
S be a subring of R (the first time you read this example, assume S = R for simplicity).
Given a polynomial f € S[z] with coefficients in S, then f(z) € R, so we obtain a map

¢: Sl = R = fr f(r)

given by evaluating each polynomial at r € R, i.e., substitute r € R into each polynomial.
We claim that this map is a ring homomorphism. Indeed, given any two polynomials
f=> arx® and g = >7)_, bra®, we have for ¢ = max{m,n} that

l l m n
O(f+9)=0 (Z(ak + bk>x’“> = e+ bt =Dt + ) b = 6(f) + o(9),
k=0

k=0 k=0 k=0
where the third equals sign uses commutativity of addition and distributivity in R. Also,
for £ = m + n, we have that

¢
o(fg) = ¢ (Z ( Z aibj) xk> by definition of multiplication in R|[x]

k=0 \i+j=Fk
¢
= Z < Z aibj> Tk
k=0 \i+j=Fk
— Zm: a;r’ - zn: b1 see below
i=0 Jj=0
= ¢ (i a;z' | - @ (i bja:j)
i=0 Jj=0
= o(f) - ¢(9),

where the middle equals sign requires the distributive laws, commutativity of addition
and associativity of both addition and multiplication in the ring R.

2.2. Kernel and Image. A ring homomorphism ¢: R — S defines a subset in R and a
subset in .S that play an important role in what follows:

Definition 2.7 (Kernel and image). Let ¢: R — S be a ring homomorphism. The
kernel of ¢ is the subset of R given by

Ker(¢) = {a € R ¢(a) = 0}
and the image of ¢ is the subset of S given by

Im(¢) = {¢(a) € S| ac R}.

14



Lemma 2.8 (Properties of the kernel). Let ¢: R — S be a ring homomorphism.
Then Ker(¢) is an ideal of R. Moreover, ¢ is injective iff Ker(¢) = {0}.

Proof. Since ¢(0g) = 0s we have Op € Ker(¢) and hence Ker(¢) # 0. For a,b € Ker(¢),

¢(a—b) =¢(a) — ¢(b) =0—-0=0,
and for r € R and a € Ker(¢) we have
¢(ra) = d(r)gp(a) = ¢(r)-0=0 and ¢(ar) = ¢(a)o(r) =0-o(r) = 0.
Thus a + b, ra, ar € Ker(¢), so Ker(¢) is an ideal in R.

To prove the second statement, assume Ker(¢) = {0} and suppose that a,b € R satisfy
¢(a) = ¢(b). Then Lemma 2.4(1) implies that

¢(b—a) = ¢(b) — ¢(a) =0
so b — a € Ker(¢). This forces a = b, so ¢ is injective. Conversely, assume ¢ is injective

and let a € Ker(¢). Lemma 2.4(2) gives ¢(0) = 0 = ¢(a), and injectivity of ¢ forces
a = 0, hence Ker(¢) = {0} as required. O

Lemma 2.9 (Properties of the image). Let ¢: R — S be a ring homomorphism.
(1) The image Im(¢) is a subring of S;
(2) If R is a ring with 1 then so is Im(¢);
(3) The homomorphism ¢ is surjective iff Im(¢) = S.

Proof. Again ¢(0g) = Og, so Im(¢) is nonempty. Let a,b € Im(¢), so there exists ¢,d € R
such that a = ¢(c) and b = ¢(d). Then

a—b=¢(c) = ¢(d) = ¢(c — d)
by Lemma 2.4(1), and ab = ¢(c)¢(d) = ¢(cd). This gives a — b, ab € Im(¢), so Im(¢) is
a subring of S. If R is a ring with 1, then the element ¢(1) € Im(¢) satisfies
¢(a) - 9(1) = ¢(a- 1) = ¢(a) = ¢(1-a) = ¢(1) - $(a)
for all ¢(a) € Im(¢), so ¢(1) is a multiplicative identity in Im(¢), i.e., the subring Im(¢)

is a ring with 1. Finally, the fact that ¢ is surjective if and only if Im(¢) = S is immediate
from the definition. O

Example 2.10 (Two fundamental maps). Let I be an ideal in a ring R, and consider
the map m: R — R/I defined by setting

m(a)=a+ 1.
This is a ring homomorphism, because
mla+b)=(a+b)+I=(a+I1)+(b+I)=mn(a)+ 7(b),

and

w(ab) =ab+1=(a+1)(b+1I)=mn(a)- 7(b).
15



It’s clearly surjective, and 7w(a) = 0 <= a € I. Therefore Im(w) = R/I and Ker(7) = I.

Now let S be a subring of a ring R. Consider the map ¢: S — R defined by sending
each element s € S to the same element considered as an element in R, i.e., ((s) = s € R.
This is a ring homomorphism because

tla+b)=a+b=(a)+ t(b)
and
tfa-b)=a-b=1(a)-ub).
It’s clearly injective and it has image S C R, so Ker(y¢) = {0} and Im(p) = S.

2.3. Isomorphisms of rings. We now study isomorphisms of rings.

Definition 2.11 (Ring isomorphism). Let R, S be rings. A homomorphism ¢: R — S
is called an isomorphism if there is a ring homomorphism ¢): S — R such that ¥ (¢(r)) = r
for all » € R and ¢(¢(s)) = s for all s € S. Given an isomorphism ¢: R — S, we say
that R is tsomorphic to S and write R = S.

Remarks 2.12. (1) Clearly the inverse of a ring isomorphism is a ring isomorphism.
Indeed, forgetting for a moment the addition and multiplication, an isomorphism
¢: R — S is bijective as a map of sets, and the inverse is the map ¢! = ¢ from
Definition 2.11. In particular, we're allowed to say that R and S are isomorphic
without having to worry about whether we say R first or S first.

(2) If R is isomorphic to S then there is no structural difference between the two
rings; see Exercise sheet 3, Question 5 for more on this.

Theorem 2.13 (The fundamental isomorphism theorem). Let ¢: R — S be a ring
homomorphism. Then there is a ring isomorphism

3+ (R/Kex(9)) — Tm(@).
Proof. Write I := Ker(¢). Consider the map ¢: R/I — Im(¢) defined by setting
da+1) = ¢(a).
To see that this map is well-defined independent of any choices, notice that
(2.1) a+1=b+1 < a—bel=Ker(¢)
> 0=9¢(a—b) = d(a) = d(b) < ¢(a) = ¢(b)

as required. To see that ¢ is a ring homomorphism, notice that

Hla+D)+(0+1) = o((a+d)+1)=¢(a+b)=o(a)+¢b) = ¢(a+1)+db+1)
((a+1)-(b+1)) = ¢lab+1) = ¢(ab) = ¢(a) - ¢(b) = $(a+ 1) - $(b+1I).
By Exercise Sheet 3, Question 2, ¢ will be an isomorphism once we prove that it’s
bijective. First, ¢ is surjective by definition of Im(¢). For injectivity, suppose ¢(a + 1) =
o(b+1),ie, ¢pla) = ¢(b). Then a — b € Ker(¢) = I, s0 a+ 1 = b+ I as required. O
16



Remark 2.14. (1) It is impossible to overstate how important Theorem 2.13
is. We'll spend the next few sections of the course giving applications of the
fundamental isomorphism theorem.

(2) Theorem 2.13 says in particular that every ring homomorphism can be written as
the composition of a surjective ring homomorphism, then an isomorphism, and
finally an injective ring homomorphism as shown below:

R ¢ S

R/I 5 Im(¢)

(3) Theorem 2.13 is often referred to as the ‘First Isomorphism Theorem’ for rings.

2.4. The characteristic of a ring with 1. We use the following standard short hand
notation for iterated sums in a ring R: for any positive integer n and for a € R, we write

na=a+---+a and (—n)a= —(na).
—_——
n
In particular, zero copies of an element a € R is the zero element Og in the ring R (one
might write this as 0a = Og, where 0 is the zero element in Z). This is just notation and
has nothing to do with the ring multiplication. Notice that Og - @ = Op is a fact that we
proved in Lemma 1.8 but Oa = O is just a natural notation when 0 is the zero integer.

Definition 2.15 (Characteristic of a ring with 1). Let R be a ring with 1. The
characteristic of R, denoted char(R), is a non-negative integer defined as follows; if there
is a positive integer m such that mlr = Og, then char(R) is the smallest such positive
integer; otherwise, there is no such positive integer and we say that char(R) = 0.

Examples 2.16. (1) The zero ring R = {0} is actually a ring with 1 (!!), and it’s the
only ring for which char(R) = 1.
(2) For any positive integer n, we have that char(Z,) = n.
(3) The field C has characteristic zero, and hence so do Z, Q, R.

Lemma 2.17. Let R be a ring of characteristic n > 0. Thenn-a =0 for all a € R.

Proof. For a € R, we have

n.a:a+...+a:(1R.a+..._|_1R.a):(1R+...+1R).a:0R.a:0R

' ~
n n n

as required. O
Let R be a ring with 1. It’s easy to see that the following subset is a subring of R:
Zlg :={n-1g|neZ}={ -, (=2)1g, —1g,0p, 1g, ()1, - }.

Lemma 2.18. Let R be a ring with 1. Then either:
17



(1) char(R) =0, in which case Z1g is isomorphic to Z; or
(2) char(R) =n > 0, in which case Z1g is isomorphic to Z,,.

Proof. The map ¢: Z — R given by ¢(n) = nlg is a ring homomorphism because
¢(n+m) = (n+m)lg =nlg+mlg = ¢(n)+ ¢(m),
and the distributive law gives
¢(nm) =nmlp =nlg-mlg = ¢(n)- d(m).

Moreover, the image of ¢ is clearly Z1g.

Suppose first that char(R) = 0. Then ¢(n) = n - 1g equals Og if and only if n = 0,
so Ker(¢) = {0}. Applying the fundamental isomorphism theorem to ¢ gives Z = Zlg
which proves part (1). Otherwise, char(R) = n > 0. Then ¢(m) = mlg = 0 if and only if
n|m, therefore Ker(¢) = Zn. Applying the fundamental isomorphism theorem to ¢ gives
Z,, = Z1g, so part (2) holds. O

Proposition 2.19. The characteristic of an integral domain is either 0 or a prime.

Proof. Let R be an integral domain. Notice first that since R # {0}, we have char(R) # 1.
Suppose that n := char(R) is neither 0 nor a prime, i.e., n =r - s for some 1 < r,s < n.
Then 0 =n-1gp=rs-1g = (r-1g) - (s- 1g), but since R is an integral domain it follows
that either r - 1g = 0 or s- 1g = 0. Either case is impossible in a ring of characteristic n
because 7, s < n. Thus, the characteristic must be zero or prime after all. U

End of Week 3.

2.5. The Chinese remainder theorem. In this section we revisit the fabulously named
‘Chinese remainder theorem’ that you met in Algebra 1A. We first introduce and study
two new ideals that we can associate to a pair of ideals.

Definition 2.20 (Sum and product of ideals). Let I and J be ideals of R. The sum
of I and J is the subset

I+J:={a+beR|aclbe ]},
the product of I and J is the subset
k
1J:= {ZaibiGR]keN,aieI,biGJforalllgz‘gk},

=1

and the intersection of I and J is the subet
INJ:={a€R|aclandacJ}
Example 2.21. For m,n € Z, if we write [ = Zm = (m) and J = Zn = (n), then

I+ J=(ged(m,n)) and INJ = (Iem(m,n)).
18



Remark 2.22. A common mistake is to believe that the product of ideals I.J consists only
of products of the form ab for a € I,b € J; it consists of finite sums of such elements. The
point is that the set {ab € R |a € I,b € J} is not closed under addition and therefore it
is not an ideal. Note that I.J is the smallest ideal that contains this set.

Lemma 2.23. The sets IJ,I N J and I + J are ideals of R, and
IJCINnJCI+J
Moreover, if R is a commutative ring with 1 satisfying I+J = R, then we have IJ = INJ

Proof. Exercise Sheet 4 asks you to show that IN.J and I + J are ideals. For I.J, we have
0=0-0€1IJ,so0IJ+#{. Consider Zle a;b;, Zle cid; € IJ, for elements a; € I,b; € J
for 1 <i<k,and for ¢; € I,d; € J for 1 < j < {. Consider also r € R. Since I and J
are ideals, we have that ra; € I and b;r € J for 1 <1i < k. It follows that

k l
Zaibi — chdz = a1b1 + -+ CLkbk + (—Cl>d1 + -+ (—Cg)dg € [J,
=1 =1

k k k k
r (Z aibi> = Z(mi)bi €lJ, and (Z aibi> oy = Zai(b,-'r) elJ.
i=1 1=1

i=1 i=1
This shows that I.J is also an ideal.

Exercise Sheet 4 also asks you to show that I NJ C I 4+ J. For the inclusion of /.J in
INnJ, let a; € I and b; € J for 1 <i < k and consider Zle a;b; € I.J. Since both I and
J are ideals we have that a;b; € I and a;b; € J, so aib1,...,a,b, € INJ. Since I N .J is
an ideal, we have that Zle ab;eINJ,solJCINJ.

The prove of the final statement is also on Exercise Sheet 4. O

Recall from Exercise Sheet 1 that the direct product of rings R and S is the ring
RxS={(rs)|reR, seS},
where (a,b) + (¢,d) = (a + ¢, b+ d) and (a,b) - (¢,d) = (ac, bd).

Theorem 2.24 (Chinese remainder theorem). Let R be a commutative ring with 1.
Let I,J be ideals in R satisfying I + J = R. Then there is a ring isomorphism

RoR R

J I J
Proof. Consider the map ¢: R — R/I x R/J defined by setting ¢(a) = (a + I,a + J).

It’s a ring homomorphism because

pla+b)=(a+b+1,a+b+J)

=((a+D)+(b+1),(a+J)+ b+ J)) by Definition 1.32
=(a+1l,a+J)+(b+1,b+J) by Exercise Sheet 1, Question 5
= ¢(a) + 6(b)
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and

¢la-b)=(a-b+1,a-b+J)

=((a+1)-(b+1),(a+J) - (b+J)) by Definition 1.32
=(a+1l,a+J)-(b+1,b+J) by Exercise Sheet 1, Question 5
= ¢(a) - &(b).

We now compute the kernel of ¢. For this, notice that
a€Ker(¢p) <= (a+1,a+J)=0+1,0+J) <= aclInl,

so Ker(¢) = I'NJ. Since I +J = R, the final statement of Lemma 2.23 gives INJ = IJ,
hence Ker(¢) = I.J. Apply the Fundamental Isomorphism Theorem 2.13 to ¢ to see that

¢: R/IJ — Im(¢)

is an isomorphism. It remains to show that the image of ¢ is equal to the ring R/I x R/ J.
To see this, consider an arbitrary element (a + 1,b+ J) € R/I x R/J. Since R =1+ J,
there exists x € [ and y € J such that 1 =z + y. Define r := ay + bx € R. Then

o(r) = (ay +bx + I,ay + bz + J)

= (ay+ I,bx + J) asbr el and ay € J
= (a(l—2)+1,b(1 —y)+J) asl=a+y
(a—ax+]b by+J)
=(a+1,b+J) asx €l and y € J.
Since (a+ I,b+ J) € R/I x R/J was arbitrary, it follows that ¢ is surjective. O

Example 2.25. Let m,n € Z be coprime natural numbers. This means that there exists
A, i € Z such that 1 = Am+ pun, that is, we have Z = Zm+Zn. Apply Lemma 2.23 to the
ideals I = Zm and J = Zn to see that IJ = I N J = Zmn, in which case Theorem 2.24
gives an isomorphism ¢: Zy,, — Zm X Zy; this is the Chinese Remainder Theorem from
Algebra 1A.

2.6. Field of fractions of an integral domain. We've already seen many examples

of integral domains:

(1) any field k is an integral domain by Remark 1.12;

(2) the ring of integers Z and the ring of Gaussian integers Z[i| are both integral
domains by Lemma 1.20 (because they’'re both subrings of C).

(3) the rings R[z] and R[[z]] associated to an integral domain R are integral domains
by Exercises 1.6 and 2.2.

We now construct from every integral domain R, an injective homomorphism to a field

F(R), called the field of fractions of R.
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Consider the set T = {(a,b) € R x R | b # 0} together with two binary operations
T xT — T given by

(a,b) + (c,d) := (ad + bc,bd) and (a,b) - (c,d) := (ac, bd).

These operations are well defined - that is, the formulas each define a map from 7" x T to
T - precisely because R is an integral domain. Indeed, suppose otherwise, i.e., suppose
that bd = 0. The fact that R is an integral domain forces either b = 0 or d = 0, but then
either (a,b) € T or (c,d) ¢ T which is absurd.

Lemma 2.26. Define a relation ~ on T by setting
(a,b) ~ (¢,d) <= ad = be.
Then for all a,a’,b,b',c,c,d,d € R with b,b',d,d # 0, we have that
b) + (¢,d) ~ (a', V) + (¢, d)
b ~ !/ b/ d d ~ / dl <a7 ) ) )
Dby and (e (G d) = { (a,b) - (e.d) ~ (@, 1) - (¢ )

In other words, ~ satisfies the conditions of being a congruence relation on T'.

Proof. See Exercise Sheet 4. U

Just as with a congruence relation on a ring (see Definition 1.24), Lemma 2.26 shows
that taking equivalence classes commutes with both of our binary operations on T, so we
get a pair of binary operations on the set of equivalence classes

F(R) =T/~ .

Following the standard convention in Q, we write equivalence classes as § rather than as

[(a,b)], so our operations become the familiar operations F'(R) x F(R) — F(R) given by
a ¢ ad+bc a ¢ ac

22 — —_ = d — = = —,

22 b T d T T M 0 a T b

Remark 2.27. We would have liked to have applied Theorem 1.26 directly to show that

T/ ~ is a ring, but we can’t because T itself isn’t a ring: an element (a,b) € T' need not

have an additive inverse (it won'’t if b is not a unit).
Despite this, we can show that 7'/ ~ is a ring; in fact, it’s a field.

Theorem 2.28. Let R be an integral domain. The set F(R) with the binary operations
from (2.2) above is a field; this is called the field of fractions of R. Moreover, the map

R— F(R) : a— %
15 an injective homomorphism.
Proof. To check that F(R) is an abelian group under addition, notice that for ¢, <, ? €

F(R), we have
(a c) e ad+bc e adf +bcf+bde a cf+de a (c e)

v ATy = = =

it7

f bd f bdf b df b
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so addition is associative. Addition is commutative in F(R) because multiplication in
the integral domain R is commutative (and addition is commutative) and hence

a c ad+bc_cb+da_c a

b d bd db d b
The zero element is % because

a 0 a-1+b5-0 a O0-b+1-a 0 a

[ T O B S DY S TS
and the additive inverse of ¢ is 5% because 0 -1 =0 = b*- 0 and hence in F(R) we have

a —a ab+(-a)p 0 0 —ab+tab —a a

b b b2 1 b2 b b’
Associativity of multiplication is much easier: multiplication in R is associative, so
2.(2.3) _22_@_%_%.5_@2).5
b \d f b df b(df) (bd)f bd f b d) f
For the distributive laws, b*df (acf + ade) = bdf (abcf + abde), so in F(R) we have

+d
2.(£+£>:2.0f ¢

b \d f b df
_alcf +de)

 bdf
acf + ade

bdf
abcf + abde

b2df
ac ae _a c a e
b 5f b d b T
The other distributive law is similar. This proves that F'(R) with the given operations

is a ring. Since R is a commutative ring with 1, the ring F'(R) is commutative (easy!)

and % makes it a ring with 1. It’s not the zero ring, because % =+ % (otherwise 0 = 1 in
R which is absurd). It remains to show that every nonzero element has a multiplicative

inverse. For this, let ¢ € F(R) be a nonzero equivalence class. Then 2 € F(R) satisfies
a b _ab 1 ba b a

b a ba 1 ab a b
in F(R) as required. Proving the statement about the homomorphism is easy. U

Examples 2.29. The two best known examples of this construction are:

(1) the field F(Z) = Q of rational numbers (!).
(2) for any field k, the field F'(k[z]) = k(x) of rational functions in one variable.

End of Week 4.
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3. FACTORISATION IN INTEGRAL DOMAINS

Throughout this section we let R be an integral domain. We introduce several special
classes of such rings and study factorisation properties.

3.1. Euclidean domains and PIDs. We start by formalising a notion that you met in
Algebra 1A when studying the rings Z and k[z] where k is a field.

Definition 3.1 (Euclidean domain). Let R be an integral domain. A Fuclidean valu-
ation on Ris amap v: R~ {0} — {0,1,2,...} such that:

(1) for f,g € R~ {0} we have v(f) <v(fg); and
(2) for all f,g € R with g # 0, there exists ¢, € R such that

f=ag+r
and either r =0 or r # 0 and v(r) < v(g).

We say that R is a Euclidean domain if it has a Fuclidean valuation.

Examples 3.2. (1) Let k be any field, and define v: k\{0} — {0, 1,2, ...} by setting
v(a) = 1. Then v is a Euclidean valuation (check it!), so k is a Euclidean domain.
(2) Absolute value v(n) = |n| provides a Euclidean valuation on the ring of integers,
so Z is a Euclidean domain.
(3) For k a field, the degree of a polynomial v(f(z)) = deg f(x) provides a Euclidean
valuation on k[z] (see Algebra 1A), so k[z| is a Euclidean domain.
(4) Recall from Exercise Sheet 1 that the Gaussian integers

Zil ={a+bieC:a,beZ}

are a subring of the field C, so Z[i] is an integral domain. On Exercise Sheet 5,
you're asked to show that Z[i] is a Euclidean domain.

(5) The ring k[[z]] of formal power series with coefficients in a field k is a Euclidean
domain, see Exercise Sheet 5.

We now introduce Principal Ideal Domains. Let R be an integral domain. Since R is
necessarily a commutative ring, Example 1.30 shows that each a € R determines an ideal

Ra:={(a) ={r-al|r € R}.
called the ideal generated by a.

Definition 3.3 (PID). An ideal I of R is a principal ideal if I = Ra for some a € R.
An integral domain R is a Principal Ideal Domain (PID) if every ideal in R is principal.

Lemma 3.4. Let R be a nonzero commutative ring with 1. Then R is a field if and only

if the only ideals of R are {0} and R. In particular, every field is a PID.
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Proof. (Compare the result of Exercise 3.7). First let R be a field. For a nonzero ideal I
in R, choose a € I\ {0}. Then any b € R can be written as b = (ba™')a € I, so R C I
and hence R = I as required. Conversely, let R be a nonzero commutative ring with 1,
and suppose {0} and R are the only ideals. For a € R\ {0}, the ideal Ra contains a = 1a,
so Ra # {0}. Our assumption gives Ra = R. In particular 1 = ba for some b € R, so
a has a multiplicative inverse. This shows that R is a field. The final statement follows
from the observation that both {0} = RO and R = R1 are principal ideals. O

Theorem 3.5 (Euclidean domains are PIDs). Let R be a Euclidean domain. Then
R 1s a PID.

Proof. Let R be a Euclidean domain with Euclidean valuation v. Let I be an ideal in R.
If I = {0} then I = RO, so I is principal. Otherwise we have I # {0}. Define

S={v(a) € Zso|a€l,a#0}.

Since [ is nonzero, this is a nonempty subset of {0, 1,2, ...} and hence we may choose g
to be an element of I that achieves the minimum value in S, i.e., g # 0 and v(f) > v(g)
for all f € I. Now let f € I. Since R is a Euclidean domain there exist ¢,r € R such
that f =qgg+randr =0or v(r) <v(g). If r # 0 then r = f — gg € I which contradicts
minimality in our choice of g. Thus r =0, so f = qg € Rg. Hence I C Rg. On the other
hand, since g € I we have Rg C I. Hence I = Rg and so [ is principal. U

Examples 3.6. Theorem 3.5 implies that the following rings are PID’s:

(1) any field (which we proved directly in Lemma 3.4 above);

(2) the ring of integers Z;

(3) the polynomial ring k[z] with coefficients in a field k; and

(4) the ring of Gaussian integers Z[i].

(5) the ring k[[z]] of formal power series with coefficients in a field k.

Example 3.7. Exercise Sheet 5 asks you to prove that the integral domain R = Z[x] is
not a PID, so it can’t be a Euclidean domain.

Example 3.8. It is harder to produce a PID that is not a Euclidean domain. One
example is the subring R = {a(3 + @z) | a € Z} of C. We shan’t prove this.

3.2. Irreducible elements in an integral domain. Let R be an integral domain. We
first establish a property that characterises integral domains.

Lemma 3.9 (Cancellation property). Let R be a commutative ring with 1 such that
0+# 1. Then R is an integral domain if and only if for all a,b,c € R, we have

ab=ac anda#0 = b=c.
Proof. First, let R be an integral domain, and suppose ab = ac and a # 0. Then

0=ab+ (—ac) = ab+ a(—c) = a(b+ (—c¢)).
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Since R is an integral domain and a # 0, we have b + (—c) = 0, that is b = ¢. For the
opposite implication, let R be a commutative ring with 1 such that 0 # 1, and assume the
cancellation property. Suppose a,b € R satisfies ab =0 and a # 0. Then ab =0 =a -0,
and since a # 0 the cancellation property gives b = 0 as required. O

Definition 3.10 (Divisibility). Let a,b € R. We say that a divides b (equivalently,
that b is divisible by a) if there exists ¢ € R such that b = ac. We write simply alb.

Any statement about divisibility can be rephrased in terms of ideals as follows:
Lemma 3.11. For a,b € R we have alb <= b€ Ra <= Rb C Ra.

Proof. If a|b then there exists ¢ € R such that b = ca € Ra. Since Ra is an ideal, it
follows that rb € Ra for all r € R, giving Rb C Ra. Conversely, if Rb C Ra, then in
particular, b € Rb lies in Ra, and hence there exists ¢ € R such that b = ca, so alb. O

Recall that an element a € R is a unit if there exists b € R satisfying ab = 1 = ba.

Lemma 3.12 (Units don’t change the ideal). Let R be an integral domain and let
a,b e R. Then
Ra = Rb <= a = ub for some unit u € R.

In particular, R = Ru if and only if u is a unit in R.

Proof. If Ra = Rb, then we have both Ra C Rb and Rb C Ra, hence bla and alb. Thus
there exist u,v € R such that a = ub and b = va. Putting these equations together
shows that la = a = ub = wva. If a = 0, then b = 0 and there’s nothing to prove.
Otherwise, the cancellation law in the integral domain R gives uv = 1, so w is a unit in
R. Conversely, suppose a = ub for some unit v € R. Then a € Rb, so Ra C Rb. Since
w is a unit, we may multiply @ = ub by u~! to obtain b = u~'a. This gives b € Ra
and hence Rb C Ra. These two inclusions together give Ra = Rb as required. The final
statement of the lemma follows from the special case a = 1. O

Definition 3.13 (Primes and irreducibles). Let R be an integral domain. Let p € R
be nonzero and not a unit. Then we say:

(1) pis prime if pljab = pla or p|b for a,b € R.

(2) p is irreducible if p = ab = a or b is a unit.
We say that p is reducible if it’s not irreducible, i.e., if there exists a decomposition p = ab
such that neither a nor b is a unit.

Examples 3.14. (1) The prime elementsin Z are {..., —=7,—5,—-3,-2,2,3,5,7,... },

i.e., =1 times the positive prime numbers. The irreducible elements are identical.

(2) Let k be a field. Every nonzero element in k is a unit, so k contains neither primes
nor irreducibles.

Proposition 3.15. Let R be an integral domain. Then every prime element is irreducible.
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Proof. Let p € R be prime, and suppose p = ab. Then either p|a or p|b. Assume without
loss of generality (we may swap the letters a and b if we want) that p|a, i.e., there exists
¢ € R such that a = pc. Then p-1 = p = ab = pcb, and the cancellation property gives
c¢b =1, so b must be a unit. This shows that p is irreducible. O

The converse is not true in general, see Exercise 3.5, but we’ll soon see that the converse
does hold in a PID. First we prove a useful result about irreducible elements in a PID.

Definition 3.16. Let R be a PID. Two elements a,b € R are said to be coprime if every
common factor is a unit; by this, we mean that if d|a and d|b, then d is a unit.

Lemma 3.17. Let R be a PID and let a,b € R be coprime. There exists r,s € R such
that 1 = ra + sb.

Proof. Consider the ideal Ra + Rb. Since R is a PID, there exists d € R such that
Ra + Rb = Rd.

In particular, a,b € Rd, so d divides both a and b. Since a and b are coprime, it follows
that d is a unit. Lemma 3.12 gives Rd = R and hence Ra + Rb = R. Since R is a ring
with 1, there exists r, s € R such that 1 = ra + sb as required. O

Proposition 3.18. Let R be a principal ideal domain. Every irreducible p € R is prime.

Proof. Suppose that p|ab and that p does not divide a. Let d be a common factor of both
a and p. In particular, we have p = cd for some ¢ € R. Since p is irreducible, either d is
a unit, or ¢ is a unit. In fact ¢ cannot be a unit (otherwise the equation d = ¢~'p shows
that p|d and since d|a it follows that p|a which is a contradiction), so d must be a unit.
Therefore a and p are coprime, and Lemma 3.17 gives r, s € R such that 1 = ra + sp.
Then

b=1-b=(ra+ sp)-b=rab-+ psb.
We know ab is divisible by p, so b is divisible by p as required. O

Corollary 3.19. Let R be a PID. If p is irreducible then R/Rp is a field.

Proof. The ring R is commutative with 1, hence so is the quotient ring R/Rp. Lemma 3.12
implies that Rp # R because p is not a unit, so R/Rp is not the zero ring. It remains to
show that every nonzero element of R/Rp is a unit. Let a + Rp € R/Rp be nonzero, i.e.,
a+ Rp # 0+ Rp, i.e., a € Rp, i.e., p does not divide a. Argue precisely as in the proof
of Proposition 3.18 to obtain r, s € R such that 1 = ra + sp. Then

1+ Rp=(ra+sp)+ Rp=ra+ Rp= (r+ Rp) - (a+ Rp).
This shows that a + Rp has a multiplicative inverse as required. U

Remark 3.20. In fact a stronger statement is true, see Exercise Sheet 5.
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3.3. Unique factorisation domains. Recall the Fundamental Theorem of Arithmetic
from Algebra 1A:

Theorem 3.21 (Fundamental Theorem of Arithmetic). Every natural number
greater than 1 is of the form Ilp;" for distinct prime numbers p; and positive integers
n;. The primes p; and their exponents n; are uniquely determined (up to order).

Definition 3.22 (UFD). An integral domain R is called a Unique Factorisation Domain
(UFD) if
(1) every nonzero nonunit element in R can be written as the product of finitely many
irreducibles in R; and
(2) given two such decompositions, say ry---rs = r}---r; we have that s = ¢ and,
after renumbering if necessary, we have Rr; = Rr} for 1 <1i <s.

Example 3.23. The fundamental theorem of arithmetic implies that Z is a UFD. This
is almost obvious, but we should take care with minus signs. Every nonzero nonunit in
Z is of the form +m where m is a natural number greater than 1, so +m = *IIp}"* by
Theorem 3.21. If this integer is negative then we pull out a single copy of p; to help us
deal with the minus sign, i.e.,

ni—1, na

(3.1) £m=—(p'ps* - ppt) = (=) ()™ s Pt
Each prime p; is irreducible by Proposition 3.15, and irreducibility of p; forces irreducibi-

ilty of —p1, so (3.1) is the decomposition as in Definition 3.22(1). The fact that the primes
p; and their exponents n; are uniquely determined (up to order) gives Definition 3.22(2).

Rather then relying on Theorem 3.21 to deduce that Z is a UFD, we provide the
following much more general result from which we can recover the fact that Z is a UFD.

Theorem 3.24. Let R be a PID. Then R is a UFD.

Proof. We first establish that part (1) of Definition 3.22 holds. Let a € R be a nonzero,
nonunit element and suppose for a contradiction a cannot be written as a finite product
of irreducibles. In particular, a itself is reducible, so there exists a decomposition

a = albl

for some aq,b; € R where both a; and by are nonunits (and nonzero because a is nonzero).
If both a; and by can be expressed as products of irreducibles then a can as well which is
absurd, so at least one of them cannot be written in this way. Without loss of generality,
suppose that this is a;. Notice that

Ra C Ra, (because ai|a) and Ra # Ra; (because b is not a unit), hence Ra & Ray.

Applying the same argument to a; produces an element ay; € R that cannot be expressed
as a product of irreducibles such that Ra; ; Ras. Repeat to obtain a strictly increasing
chain of ideals in R:

RCL;RCLl ;;,fQQ ;Rag"'



This completes the first step of the proof. As a second step, we show that the union
]:RG1UR(12U"'

is an ideal. Indeed, 0 € Ra C I, so I is nonempty. Let b,c € I and r € R. There exists
1 > 1 such that b, ¢ € Ra;, therefore a — b, ra,ar € Ra; C I. Thus [ is an ideal. For step
three, since R is a principal ideal domain we have that I = Rb for some b € R. Then
b=1-be [ and thus b € Ra, for some 5 > 1. But then

RCL,‘_H Q I =Rb Q RCLZ‘ ; Raiﬂ

which is absurd. This contradiction proves Definition 3.22(1).
For part (2), suppose

/

(3.2) pLe-ps =P D
are two such decompositions where we may assume without loss of generality that s < ¢.
Equation (3.2) shows that p; divides p} - - - p;. We know p; is prime by Proposition 3.18,
so p1|p; for some 1 < ¢ < t. Thus p, = ap;, and since p) is irreducible it follows that a
must be a unit and hence Rp; = Rp, by Lemma 3.12. Relabel p as p} and vice-versa.
We now have Rp; = Rp, so there exists a unit u; € R such that p] = uyp;, giving
D1 Ps :p’l...p:t =U1p1p’2---p2.
The cancellation property in the integral domain R leaves
P2 Ps =Py Py =wipyc Py
Repeat for each element on the left hand side, giving Rp;, = Rp, for all 1 <i < s and
]_ :ul...usp;+1...r;'
But the p’; are prime and hence nonunits, so we must have s = ¢. O
Remark 3.25. To summarise, we’ve shown that
Euclidean domain = PID = UFD = integral domain.
In particular, each ring listed in Examples 3.2 is a UFD.

Remarks 3.26. We complete this subsection with a few comments about UFD’s:

(1) The converse to Theorem 3.24 is false: there exist UFD’s that are not PID’s. As
one example, Exercise Sheet 5 asks you to show that Z[z] is not a PID, but we’ll
see in Theorem 3.37 that Z[z] is a UFD. In fact, you’ll see many new examples of
UFD’s that are not PID’s in week 6 of this course.

(2) Some of the nice statements about PID’s also hold for all UFD’s; for example the
statement of Proposition 3.18 holds for any UFD, see Exercise Sheet 6.

End of Week 5.
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3.4. General polynomial rings. We now introduce a beautiful class of integral domains
that are UFD’s but not PIDs in general. These rings play the centrol role in the unit
MA40188 Algebraic curves.

Definition 3.27 (General polynomial ring). For n > 1, let xq,...,z, be variables
and let R be a ring. A polynomial f in xy,...,x, with coefficients in R is a formal sum
(33) f(xh s axn) = Z aila--win‘rzf e J}f{l,

150 >0

with coeflicients a;, . ;, € R for all tuples (iy,...,4,) € N", where only finitely many of
the a;, . ;, are nonzero.

The polynomial ring in n variables with coefficients in R is the set R[xy, ..., z,] of all
such polynomials, where addition and multiplication of polynomials f, g are defined as
follows:

e the sum f + g is defined by gathering terms and adding coefficients, i.e.,
Z i i 2: i1 in _ E o gl e
aila“-)in‘rl o xn” + bil,mﬂ:nxl e ‘rnn - (azh-uﬂn + bll,-nﬂn)‘rl xnn7
150y >0 i1 yereyin >0 150y >0

e the product f-g is defined as usual by distributivity (you write down the formulal!)
together with multiplication of monomials given by

(e oaly) - (et ) =

t1+71,.02+72 intj
n 1 Ty Xy

These operations generalise the operations familiar in the case n = 1.

Example 3.28. To illustrate this, set n = 3 and write Rz, y, z] for the polynomial ring
in three variables. Then for f = 2%y + 32z and g = 2o — 322, we have

f+g=2*w+2r and f-g=22% + 62°2 — 32°yz — 9x?2%

Proposition 3.29. The polynomial ring R|xy, ..., x,| in n variables is isomorphic to the
polynomial ring S[xz,| in the variable z,, with coefficients in S = Rlxy, ..., xp_1].

Proof. The idea is that for any f = Zil i >0 ailwinxlf .-+ 2 in the ring R[zy,. .., %,

n
gathering all terms involving x!* for each power 4,, > 0 gives an expression

(34) f(xla s 7mn) = Z ( Z ail,u.,inxil o x;nll) x;na

>0 \i1,..,in—120

which we may regard as an element of S|x,] if we view the elements in the parentheses
as coefficients in S. See Exercise Sheet 6 for details. O

Remark 3.30. For any field k, the ring k[x;] is a Euclidean domain and hence a PID.
However, for any n > 2, the ring k[z1, ..., z,] is not a PID, see Exercise Sheet 6.
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3.5. On Gauss’ lemma and unique factorisation in polynomial rings. Let R be
a UFD.

Definition 3.31 (Primitive polynomial). A nonconstant polynomial f ="  az" €
R]z] is primitive if the only common divisors of all the coefficients of f are units in R,
i.e., if the coefficients of f are pairwise coprime.

Remark 3.32. In light of unique factorisation in R, it’s equivalent to say that f is primitive
if and only if no irreducible element of R divides all coefficients of f.

Example 3.33. 23 + 2z — 1 € Z[z] is primitive, whereas 323 + 6z — 3 € Z[z] is not.

Lemma 3.34 (Pulling out the content). Let f € R[z|. Then there exists c € R and
a primitive g € R[z|, each unique up to multiplication by a unit, such that f =c-g.

Proof. Write f = > ja;a" € R[z]. If one of the a; € R is a unit, then f is primitive
and we're done by setting ¢ = 1 and f = ¢g. Otherwise, we use the fact that R is a
UFD to decompose each a; € R as a product of irreducibles in R. Choose one irreducible
factor p € R of the coefficient ag. If the decomposition of each a; involves an irreducible
¢; with Rq; = Rp, write ¢; = u;p for some unit uv; € R by Lemma 3.12, and replace
each occurrence of ¢; in the decomposition of a; by u;p. Now factor out the highest
possible power of p that is common to all a;, i.e., let n be such that each a; is divisible

"1 Repeat for the next irreducible factor of ag, and so on until

by p™ not divisible by p
we’ve considered all irreducibles factors of ag. If ¢ € R denotes the product of all these
irreducibles (raised to the highest power that is common to all coefficients), then f = c-g
for some g € R[x] which is primitive by construction.

For uniqueness, suppose there exist two such decompositions
c-g=d-h,

where ¢,d € R and g,h € R[x] primitive. Since ¢ € R, each irreducible factor of ¢
divides d - h, so it divides d because h is primitive. It follows that c|d. Symmetrically,
each irreducible factor of d divides ¢, so d|c. Putting these together gives Re = Rd by
Lemma 3.11, so d = uc for some unit v € R by Lemma 3.12, which shows ¢ is unique up
to multiplication by a unit. Subsituting into the above gives

c-g = uc-hLengS'gg:u-h
which shows ¢ is unique up to multiplication by a unit. Il
Proposition 3.35. The product of finitely many primitive polynomials in R[z| is prim-
itive.
Proof. Tt suffices to prove the result for two polynomials and apply induction. Let
f= Zaixi and g = Zbixi
i=0 i=0
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be primitive in R[z]|, and let ¢ € R be the content of fg. Suppose that ¢ is not a unit.
Since R is a UFD, we may consider any irreducible factor p € R of ¢. Since f is primitive,
there exists a smallest value of ¢ such that p does not divide the coefficient a; of f; and
there exists a smallest value of j such that p does not divide the coefficient b; of g. For
these fixed values of i and j, consider now the coefficient of 2'/ in the product fg, namely

(3.5) (aobivj + -+ + aim1bjpr) + aibj + (@iy1bj—1 + -+ + @iy 5bo).

Minimality of ¢ implies that p divides aob;y; + - - - +a;—1b; 41, while minimality of j implies
that p divides a;41b;_1 + - - -+ a;1jbp. But p divides the content c of fg, so it must divide
the coefficient (3.5) and hence it must divide a;b;. But p is prime by Exercise 6.6, so p
must divide either a; or b;; this is the required contradiction. Il

Recall that every UFD is an integral domain, so each UFD has a field of fractions.

Corollary 3.36 (Gauss’ Lemma). Let R be a UFD with field of fractions F, and let
f € R[x]. Then f is irreducible if and only if either it is an irreducible element of R, or
it is primitive in R[z| and it’s irreducible in F[z].

Proof. ( = ) Lemma 3.34 gives f = c¢- g for ¢ € R and g € R[x] primitive. Since f is
irreducible, either: g is a unit in R[z], in which case f € R and irreducibility of f in R[z]
forces irreducibility of f in R; or c is a unit, in which case g being primitive forces f to
be primitive and hence of positive degree. Exercise 6.7 gives that f is irreducible in F[z].

(<) If f € Risirreducible then it’s irreducible in R[z] for degree reasons, so suppose
f € Rjx] is primitive in R[z| and irreducible in Fz]. If f = gh, then irreducibility forces
either g or h to be a unit in F' while also being in R[z]; this means it’s a nonzero element
of R. Since f is primitive, this element of R must be a unit, so f is irreducible in R[z]. O

Theorem 3.37 (Polynomial rings are UFD’s). If R is a UFD then the polynomial
ring R[z| is also a UFD.

Proof. We first establish the decomposition into irreducibles in R[x] in Definition 3.22(1).
Let f € R[x] be a nonzero, non-unit. Write F for the field of fractions of the integral
domain R. We may regard f as an element of F[z], and since F'is a field, F'[x] is a UFD
by Remark 3.25, so we can write f = q1qs - - - g for irreducible elements ¢, ..., q € F[z].
The coefficients of each g; lie in F', so every such coefficient is of the form a/b for some
a,b € R (b#0), and clearing denomenators gives

(3.6) d-f=fifa: J

for some d € R and fy,..., fx € R[z]. We have f; = u;q; for some nonzero u; € R C F,
and each nonzero element in F is a unit, so irreducibility of ¢; in F[x] forces irreducibility
of f; in F[x]. Now apply Lemma 3.34 to draw the content out of each polynomial in
equation (3.6), giving

(3.7) (de)-g=d(c-g)=(c1-91)- -g(lck “g) = (c1- - k) - g1g2 - G



where ¢, ¢q,...,c; € R, and where g, g1, ..., gx € R[z] are primitive. Again, irreducibility
of f; € F[x] forces irreducibility of ¢g; € F[z], but now we also know that ¢g; € R[z]
is primitive, so g; is irreducible in R[z] by Corollary 3.36. The product of primitive
polynomials is primitive by Proposition 3.35, so equation (3.7) provides two apparently
different ways to draw the content out of a polynomial. The uniqueness statement from
Lemma 3.34 shows that there exists a unit u € R such that

deu=cy - cy.
Substitute into (3.7) and cancel d by Lemma 3.9 to get that

f=cg=cu-gi1g2-gp =710 9192 G,
where cu =7y -+ -1y € R is a decomposition as a (unit or a) product of irreducibles in the
UFD R. This gives the desired decomposition as in Definition 3.22(1).
To show uniqueness as in Definition 3.22(2), suppose that a given f € R[x] admits two

such decompositions

/ / / /
Tl...rz.gl...gk:Tl...rm.gl...gn.

The content of f is unique up to multiplication by a unit, so

/
m

Tl...rezu-’r’i...r
for some unit v € R. Since R is a UFD, we have / = m and (after permuting indices)
Rr; = Rr} for 1 <i < (. Similarly, the primitive part of f is unique up to multiplication
by a unit, so there exists a unit v’ € R such that

/

g gr =1 g g
Gauss’ lemma shows that each g;, g; € F' [z] is irreducible, so (3.8) gives two apparently
different decompositions in F[z] (which is a UFD as F' is a field), therefore k¥ = n and
(after permuting indices) F'g; = Fg} for 1 <i < k. Now Lemma 3.12 gives a unit u; € F’
such that ¢g; = w;g, € R[z]. Write u; = a;/b; and multiply ¢; = u;g; by b; and use
Lemma 3.34 and primitivity of ¢;, g; to see that g; is a unit times g, as required. U

Corollary 3.38. If R is a UFD, then Rlxy,...,x,| is a UFD for any n > 1.

Proof. For n = 1, the result is Theorem 3.37. By induction, assume S := R[z1,..., 2, 1]
is a UFD. Then S[z,] is a UFD by Theorem 3.37. We'’re done by Proposition 3.29. [

Examples 3.39. This result gives us many new examples:

(1) Z is a UFD, hence so is Z[x] (yet it’s not a PID by Exercise 5.5).
(2) Let k be a field. Corollary 3.38 shows that k[z,...,z,] is a UFD. On Exercise
Sheet 6 you're asked to show that k[xy,...,z,] is not a PID for n > 2.

End of Week 6.
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4. ALGEBRAS AND FIELDS
In this chapter we study a class of rings with 1 that are simultaneously vector spaces’

4.1. Algebras. Throughout this chapter we let k be a field.

Definition 4.1 (k-algebra). A k-vector space V' is called a k-algebra if it’s also a ring,
where the scalar product and the ring multiplication are compatible in the following sense:

(4.1) AMu-v)=Au)-v=u-(A) forallu,veV ek

A nonempty subset W of a k-algebra V' is a subalgebra if it is both a subring and a vector
subspace of V.

Remarks 4.2. (1) For v € V, the ‘multiply on the left by v’ map T,,: V' — V given by
T,(u) = v-wu is a k-linear map; the same is true for ‘multiply on the right’.
(2) Suppose that (v;);e; is a basis for the k-algebra V. To determine the multiplication
on V, it suffices to know only the values of v; - v; for all ¢, 5 € I, because

(Z am> ' (Z W)j) = > (@) (vi-vy).

iel jeI ijel

Examples 4.3. (1) Let k be a field. Then k =k - 1 is a k-algebra of dimension 1.
(2) The field C = R 4+ Ri is an R-algebra that is a 2-dimensional vector space over R.
(3) Let k be a field. For n > 1, the general polynomial ring k[z1, ..., z,] is a k-algebra

with basis as a vector space equal to the set of all monomials
{x’fx’; . x’n" | d1,.. . i € N};
this vector space is not finite dimensional! (As in Remark 4.2, multiplication of
polynomials is determined by the bilinearity of the product and multiplication of
monomials, namely (z'ak ---zin) - (2] @) - - aln) = 2P g2 gintin )
(4) More generally, for any ideal I C Kk[zy,...,x,], the quotient ring k[z1, ..., x,]/]
is a k-algebra, see Exercise Sheet 7.

Example 4.4 (The Quaternions). Consider the vector space of dimension 4 over R
with basis 1,1, 7, k, that is

H=R+Ri+Rj+Rk={a+bi+cj+dk|abcdeR},
where the bilinear product is determined from
=2 =k*==1, ij=k, jk=1, ki=j, ji=—k, kj=—i, ik=—j.

Exercise Sheet 7 asks you to show that H is a noncommutative division ring; this is the
first time that you've seen a division ring that is not a field! The ring H is called the
quaternionic algebra, or simply, the quaternions. Both R and C are subalgebras of H.

''m using a slightly simpler definition of k-algebra than was used in each of the last two years, because
I didn’t complete the material from Chapter 3 in week 6.
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4.2. Constructing field extensions. We now construct new fields from old.

Definition 4.5 (Subfield and field extension). A non-zero subring k # {0} of a field
K is a subfield if for each nonzero element a € k, the multiplicative inverse of a in K lies
in k. We also refer to k C K as a field extension.

! whence 1x € k and then it is

In this case, choose non-zero a € k to write 1x =a-a~
easy to see that k is a field in its own right with 1y = 1x. Conversely, if k is a non-zero
subring of a field K that is a field (so there is a multiplicative identity in k and each
non-zero a € k has a multiplicative inverse in k) then k is a subfield: 1y = 1x and the

inverses in k and K coincide. Moreover, K gets structure too:
Lemma 4.6. Let k C K be a field extension. Then K is a k-algebra.

Proof. K is a field so that (K,+) is already an abelian group. We now restrict the
multiplication K x K — K to obtain a scalar multiplication k x K — K. We then have

Apw) = (Ap)v, as multiplication is associative
ly-v=1g - v=v as 1y = 1g
A+ p)v = v+ po as the distributive laws hold in K,
AMv+w) = v+ \w as the distributive laws hold in K

for v € K and A\, u € k, so K is a vector space over k. In addition, multiplication in K is
associative and commutative, so (A\v) -w = v - (Aw) = A(vw) for v,w € K and A € k. O

Given a field extension k C K, we now construct intermediate fields k C k[a] C K.

Theorem 4.7 (Constructing intermediate fields). Let k C K be a field extension,
and let a € K be a root of some nonzero polynomial in k[z|. The set

kla] := {f(a) € K | f € k[z]}
is a field, with field extensions k C kla] C K. In fact (1,a,a?,...,a" ') is a basis for
kla] over k where n = min{deg(p) | p € k[z] satisfies p(a) = 0}

Proof. Consider the evaluation homomorphism ¢, : k[z] — K given by ¢,(f) = f(a) from
Example 2.6. Since k is a field, k[z] is a PID and hence Ker(¢,) is a principal ideal, that
is, Ker(¢,) = k[z]p for some p € k[z]. We claim that p is irreducible. To prove the claim,
suppose otherwise, namely, that p = fg for polynomials f, g of degree smaller than that
of p. But as f(a)g(a) = p(a) = 0, we have f(a) = 0 or g(a) = 0. Without loss of
generality we can suppose that f(a) = 0, but then f € Ker(¢,) = k[x]p and hence p|f
which is absurd as f is a non-zero polynomial of smaller degree than p. This proves that
p is irreducible after all. In particular, n = degp.

Now observe that k[a] is the image of the ring homomorphism ¢, so that it is a subring
of K isomorphic to k[z]/Ker¢, = k[z|/k[z]p by the Fundamental Isomorphism Theorem

2.13. However, by Corollary 3.19, k[z]/k[z]p is a field so that k[a] is too.
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Lemma 4.6 shows that k[a] is a k-algebra, so it remains to show (1,a,a?, ... ,a"!)

is a basis of k[a] over k. To show spanning, let f(a) € k[a]. Since k[z] is a Euclidean
domain, division of f by p gives ¢, € k[z] such that f = gp + r where either r = 0 or
deg (r) < deg (p) = n, say r = by + byz + - - - + b,_12" "', In either case

fla) = q(a)p(a) +1(a)
= r(a)
= by-14+ba+--+b,_1a" "

"1 are linearly

Thus f(a) is a linear combination of 1, a,...,a""!. To show that 1,q,...,a
independent, suppose cy-1+cia+---+c,_1a" ' =0. Then h :==cy+cio+---+cp_12™ !
lies in Ker(¢,) = k[z]p, so p|h. Since deg(h) < deg(p), this is possible only if h = 0, that

is,only if co =¢; =---=¢,_1 =0. Il

Examples 4.8. (1) We have that R C C and that ¢ € C is a root of the irreducible
polynomial 2% + 1 € R[x]. Here R[i] = R + Ri = C has basis (1,1).

(2) We have that Q C R and that /2 is a root of the irreducible polynomial 23 —2 €
Q[z]. Here Q[¥/2] = Q + QV/2 + Q(V/2)? has basis (1, V2, (V/2)?).

We now prove a kind of converse to Theorem 4.7. Suppose that we have only the field
k and an irreducible polynomial p € k[z]. We now construct a field extension k C K and
an element a € K such that a is a root of p.

Theorem 4.9 (Constructing field extensions containing roots). Let p € k[z| be
irreducible in k[z]. The field extension k C K := k[x]/k[z]p has dimension n := deg(p)
as a k-vector space, and the element a := [x] € K in this new field is a root of p.

Proof. Since k is a field, k[z] is a PID, so Corollary 3.19 shows that irreducibility of p

implies that K = k[z|/k[z]p is a field. The multiplicative identity in K is [1] € K, so if

we identify k with the subfield k[1] C K then we have that k C K is a field extension.
Now let a = [z] € K and let f € k[z]. Write f =Y, ¢;z*. Then

fla) = Zcz‘ai = ZQW] = [Z cir'] = [f].
In particular, p(a) = [p] = [0] so that a is a root of p in K. This puts us into the situation
of Theorem 4.7 and we notice that

kla] = {f(a): f € klz]} = {[f]: [ € k[z]} = K.

So, by Theorem 4.7, the dimension of K as a vector space over k is the minimum degree
of a polynomial in k[z] that vanishes at a. Now p is such a polynomial and if & is another,
we have h(a) = [h] = [0] which means that p|h so that deg h > degp. Thus dim K = degp

and we are done. O
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Corollary 4.10 (Construction of splitting fields). Let k be a field and let f € k|x]
be nonconstant. Then there exists a field extension k C K and an element a € K such
that f(a) = 0. Moreover, f can be written as product of polynomials of degree 1 in K[x].

Proof. See Exercise Sheet 7. g

Examples 4.11. (1) The polynomial p = 2* + 1 € R[z] is irreducible in R[z], so
Theorem 4.9 gives a root a in the field

R[z]/Rlz](2” + 1) = R + Ra,

where a = [z]. Now a? + 1 =0 and thus a®* = —1. This field is isomorphic to C.
(2) Consider the polynomial x? — 3 € Q[x]. This is an irreducible polynomial in Q[z]
and Theorem 4.9 gives a root a in the field

Qlz]/Qlz](z* - 3) =Q + Qa
where @ = [x]. This field is isomorphic to the subfield Q + Q+/3 of R.
(3) Consider p = x? + x + 1 in Zy[z]. If the polynomial were not irreducible there

would be a linear factor in Zs[z]. But as p(0) = p(1) = 1 this is not the case, so
p is irreducible and has a root a = [z] in the field

Lolz] ) Zs[x]p = Zo + Zoa.
Notice that this new field has 22 = 4 elements (compare Exercise 2.4).

4.3. Normed R-algebras. Recall from [Algebra 2A| that an inner product on a real
vector space V' is a positive definite symmetric bilinear form

(-, ):VxV =R

The corresponding norm is || - |[: V' — R given by |[v|| = y/(v,v). Positive definiteness
gives that ||v|| =0 = v = 0. We have:
e Triangle inequality: |jv+w| < ||v]| + ||Jw]|, for v,w € V, with equality if and only
if either one of v, w is zero or v = tw, for some t > 0.
e Pythagoras Theorem: ||v+ w|* = [|v||* + ||w|* if and only if (v,w) = 0.

Definition 4.12 (Normed R-algebra). Let V' be an R-algebra with 1 such that V' #
{0}. We say that V is a normed R-algebra if it is equipped with an inner product such
that the corresponding norm satisfies ||u - v|| = ||u|| - [|v|| for all u,v € V.

Remark 4.13. The V' # {0} assumption gives 1y # 0 and hence ||1y|| # 0. We have
11yl = II1v - Iv|| = ||l1v || - [|1v]|- Since the norm takes values in the integral domain R,
the resulting equality ||1v| - (1 — |[1v]]) = 0 implies that ||1y] = 1.

Examples 4.14 (R, C and H are normed R-algebras). Examples 4.3 shows that R,
C and H are R-algebras of dimension one, two and four respectively, and in each case a
basis over R is given. With respect to these bases, the standard dot product on R" gives

a norm on each algebra. That is:
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(1) on R the norm is absolute value |a| = Va2, and since |a-b| = |a|-|b| for all a,b € R

we have that R is a normed R-algebra.
(2) on C the norm is ||a + bi|| = Va? + b2, so for a + bi,c + di € C we have

|(a+bi)- (c+di)|| = +/(ac—bd)?+ (bc+ ad)?
= V(ac) + (be)? + (ad)? + (bd)?
= V(@ +82)/(A+d?) = |la+bi]| - [le + dil,
so C is a normed R-algebra.

(3) on H the norm is ||a+bi+cj +dk|| = Va2 + b*> + 2 + d?. Exercise 8.1 shows that
|u-v|| = ||u|| - ||v|| for all u,v € H, so H is a normed R-algebra.

Lemma 4.15. Let V' be a normed R-algebra.
(1) If (1,t) € V are orthonormal, then t* = —1.

(2) If (1,4,7) € V are orthonormal, then so are (1,1, j,ij). Moreover ji = —ij.
Proof. For (1), we have [|t?|| = [|t]|> = 1, so
12+ (=D = 1= D+ Dl =Nt =1 - [t + 1 = vV2v2 =1+ 1= ||| + || - 1.

According to the triangle inequality we should only get equality here if t? is a positive

multiple of —1 and, as ||#?|| = 1, this can only happen if t* = (—1). For (2), we have that

ii\/g is orthogonal to 1 and of length 1. By part (1), it follows that

_1_<i—|—j)2_i2+j2+ij—|—j2’ (1) + (=1)+1j+ji Y+

V2 2 2 T

Hence ji = —ij. Notice that ||ij|| = ||i]| - ||7]| = 1, so
lij + (=" = [li(i = DI = [éll* - 7 = 1P =1-2= 1+ 1= [|5j]]* + || — ",

The Pythogoras theorem implies that ij is orthogonal to i. Similarly, write ||ij+(—j)||* =

137]12 + || — 7]|* to see that ij is orthogonal to j. Finally
lij = 1117 = llig + 21> = i(G + )I* = [lal]* - lj +al> =12 =2 = [J5j[]* + || - 1*
gives that 7j is orthogonal to 1 as well. U

Theorem 4.16 (Classification of normed R-algebras). There are ezactly three normed
R-algebras up to isomorphism, namely, R, C and H (see Examples 4.14).

Proof. Let V be a normed R-algebra. We check case-by-case according to the dimension
of V' as a vector space over R.

If dimV =1, then V = R1y. Since 1y - 1y, = 1y, we have that V is isomorphic as
an R-algebra (that is, as a ring and as an R-vector space) to R. If dim V' = 2, we may
choose an orthonormal basis (1,7) and Lemma 4.15(1) shows that > = —1. Thus, V
is isomorphic as an R-algebra to C. If dimV > 3, then Lemma 4.15(2) shows that if

(1,4,7) € V are orthonormal, then so are (1,14, 7,7j) and hence dim V' > 4.
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If dim(V') = 4, we may choose an orthonormal basis (1,4, j,7j) of V. The linear map
¢: V — Hsending 1,1, 7,45 to 1,1, j, k respectively preserves the product and hence shows
that V is isomorphic to H as an R-algebra. Indeed, we have i = j2 = (ij)> = —1 on V by
Lemma 4.15(1) and i? = j? = k? = —1 on H by definition. As for the other products in
V', Lemma 4.15(2) shows that ji = —ij (and similarly, for any pair among i, j,7j) while
in H we have ji = —ij = —k by definition (and similarly, for any pair among i, j, k).
Thus, the product of any two basis elements, and hence the structure of the algebra, is
uniquely determined.

If dim(V) > 4, we derive a contradiction, i.e., no such V exists. For this, take an
orthonormal set of vectors 1, ¢, 7 and apply Lemma 4.15 to get a subspace R+Ri+Rj+Rzj
of V. Now pick e € V' with ||e|| = 1 that is orthogonal to 1,4, 7,7j. Lemma 4.15(2) gives

(ij)e = —e(ij) = iej = —ije
and thus we get ije = 0 but ||ije|| = ||7|| - ||7]| - |le|| = 1 so this is absurd. O

End of Week 7.

4.4. Application to number theory. To end the chapter, we investigate a beautiful
application in Number Theory. Consider the subring

L+ Zi+ Zj+ Tk = {z1 + 220 + 23] + 2k € H | 21, 20, 23, 24 € L}

of the quaternions. For z = 21 4 291 4+ 235 + 24k and w = wy + wet + w3j + wyk, we have

2w = (z1wy — 2w — 23Ww3 — 24Wy) + (21We + 2wy + 23wy — Z4W3)0

+(z1w3 — 29wg + 23w1 + z24w2)J + (z1wW4 + 20w — z3wy + 24w k.
Exercise Sheet 8 gives that ||z]|?||w||* = ||z - w||* where ||2]|*> = 23 + 22 + 22 + 23, so
(51 + 25 + 25 + ) (W + wy +wy +wj) =
(4.2) (21w — 29wo — 23w3 — 24wy)* + (21Wo + 20wy + 23wy — 24w3)?
+(z1ws — 20wy + 23W1 + 24w2)? + (21W4 + 20w3 — 23wy + 24wy )>.

It follows that if we have two sums of four squares, then their product is also a sum of
four squares that we can find explicitly using this formula.

Example 4.17. To give the idea, consider a simple example: 21 = 3 -7. We have
3=1"4+1°4+1240% and 7=22+12+1%+1?
SO
21=3-7T=(P+ 1>+ 12+0%) - (22 + 12+ 12+ 1?) = 0> + 4> + 22 + 12

We are now going to prove that every natural number can be written as sum of four

integer squares.
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Theorem 4.18 (Lagrange’s four square theorem). Every natural number can be
written as a sum of four integer squares.

Proof. We break the proof down into a number of steps.

STEP 1: (IT SUFFICES TO CONSIDER ODD PRIMES) Notice first that 1 = 12+ 0%+ 0?4 0?
and that 2 = 12 4+ 12 4 0% + 02. Since the set consisting of sum of four squares is closed
under multiplication and since Z is a UFD, it suffices to show that every odd prime p
can be written as a sum of four squares.

STEP 2: (AN EQUATION INVOLVING z;’S) We claim that we can define an integer m to
be the smallest positive integer in the range 0 < m < p such that

(4.3) pm =23+ 25 + 22 + 23,

To justify the claim, we must exhibit z1, ..., z4 and m such that the equation holds. For
this, we show that for any odd (positive) prime p, there exists z,y, m € Z such that

pm = 2%+ y* + 1% + 0? where 0 < m < p.

For this we calculate modulo p. If [z]? = [y]? for some 0 < y < x < (p — 1)/2, then
pl(z? —y?) = (x — y)(z + y), so p|(x — y) or p|(x + y) because p is prime. This is absurd
since 1 <z —y,z+y <p—1,s0 [0 [1]%...,[57]? are distinct. Thus, we get two lists

1+2%, 0<z<(p-1)/2 and[~y?], 0<y<(p—1)/2

each of which has (p+1)/2 distinct values. There are p+1 > p values in total, so the two
lists must have a value in common, say [1 + z?| = [—y?]. Then [1 4+ 2* + y*] = [0]. Hence
pm = 1+ 22 + y? for some integer m. Now pm = 1+ 22 +9y?> < 1+ (”%1)2 + (;%1)2 <
1+ 2(p/2)? < p?, so m < p as required.

STEP 3: (SET UP THE CONTRADICTION) The aim now is to show that m = 1. We argue
by contradiction and suppose that m > 1.

STEP 4: (m 18 ODD). Otherwise an even number of 2y, 29, 23, 24 are odd. By rearranging
the order of terms if needed we can assume that both 2, 2o are even/odd and both z3, z4
are even/odd. Hence zy + 29,21 — 29, 23 + 24, 23 — 24 are all even. It follows that

pm 2R+ 454 <z1 — 22)2 N (z1 + 22)2 N <23 — z4>2 N (z3 + z4>2
2 4 U2 2 2 2

which contradicts the minimality of m. Hence m is odd.

STEP 5: (WE DO NOT HAVE (21| = [22] = [23] = [24] = [0] € Z,,,.) Otherwise m would
divide all of z1, ..., 24, so the right hand side of (4.3) would be divisible by m?. But then

m|p and as m < p, we would have m = 1 contracting our assumption that m > 1.

STEP 6: (FIND 0 < 7 < m SATISFYING EQUATION IN w;’S.) For each ¢ € {1,2,3,4}
pick w; such that —(m —1)/2 < w; < (m—1)/2 and [w;] = [z] (needs m odd!). We have
[w? + w3 + w3 + wi] = [28 + 25 + 23 + 23] = [0] € Zy,, so there exists r such that

(4.4) mr = wi + wj; + wi + wj.
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Since |w;| < (m—1)/2, this expression is bounded above by 4(™2)? = (m—1)(m—1), so
r < m. Since [w;] = [z] for 1 <i < 4, Step 5 implies that we do not have [w;] = [wy] =
[w3] = [wy] = [0] € Zy,,, so the right hand side of (4.4) is non-zero. Thus 0 < r < m.

STEP 7: (PUTTING BOTH EQUATIONS TOGETHER.) Multiply (4.3) and (4.4) and use
our understanding of multiplying quaternions from (4.2) to obtain
prm? = (2 + 25 + 25 + 25) (W) + (—wa)” + (—ws)* + (—wa)?)
= (zyw1 + 20wy + 23w3 + 24wy)? + (— 21w + 20wy — 23wy + 24w3)>

2 2
+(—z1ws + 20wg + 23w — Z4W2)° + (—21Wy — 22W3 + 23Wae + Z4w1)”~.

Since [w;] = [z] € Z,, for 1 <i <4, we calculate in Z,, that
[21w1 + zowy + z3ws + zgwy] = [23 + 23 + 25 + 23] = [pm] = [0]
[—z1w2 + 20wy — 23wy + Z4w3] = [—2’122 + 2921 — 2324 + 2423] = [0]
[—21w3 + 20wy + 23w1 — 24Wse] = [—2123 + 2924 + 2321 — 2422] = [0]
[—z1ws — 2ows + 23wa + 24w ] = [—2124 — 2223 + 2322 + 2a21] = [0].

Thus, all of these integers are divisible by m, so dividing by m? in the above gives

_ (AWt 2wy + 23w3 + 2wy \ 2 —21Wo + ZpW1 — 23Wy + 24W30\ 2
pro= ( m ) " ( m )
—Z1Ws + ZoWy + Z3W1 — Z4Wa 2 —Z1Wy4 — ZoWs3 + Z3Wag + Z4Wq 2
< m > + ( m > ’

As r < m, we get a contradiction about our minimality assumption on m. It follows that
the smallest m given in (4.3) must be 1 and thus p is a sum of integer squares. U

5. THE STRUCTURE OF LINEAR OPERATORS

Let V' be an n-dimensional vector space over k. Let a: V' — V be a linear operator
and let A be the matrix representing « with respect to a given basis (v, v, ..., v,) of V.
5.1. Minimal polynomials. Given a polynomial f ="  a;t' € k[t], we write

f(A) = aol, + a1 A + ap A% + - - + a, A"
for the n x n matrix obtained by substituting A for ¢ (and formally replacing t° = 1 by
the n X n matrix identity I,,). It is not hard to show that the map k[t] — M,, (k) defined
by sending f +— f(A) is a ring homomorphism. Recall from Exercise 3.3 that the rings

End (V') and M, (k) are isomorphic as rings as well as vector spaces over k of dimension
n?, and by precomposing with this isomorphism we obtain a ring homomorphism

(5.1) ®,: k[t] = End(V), f— f(«a),
where the multiplication in End(V') is the composition of maps.

Lemma 5.1. The kernel of the ring homomorphism ®,, is not the zero ideal.
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2 n?

2 so the list id, a,a?, ..., «

Proof. The dimension of End(V') as a k-vector space is n
comprising n2+1 linear operators, or equivalently, the list (I,, A, A2, ..., A"*) of matrices,
is linearly dependent. If ag,...,a,2 € k (not all zero) satisfy aoll,, + --- + a2 A" = 0,
then the polynomial f = Z:io a;t' satisfies ®,(f) =0, so f € Ker(®,) is nonzero. O

Since k[t] is a PID, there exists a monic polynomial m, € k[t| of degree at least one
such that Ker(®,) = k[t]m,. Recall from the proof of Theorem 3.5 that m, € k[t] is the
unique monic polynomial of smallest degree such that m,(a) = mq,(A4) = 0.

Definition 5.2 (Minimal polynomial). The minimal polynomial of a: V' — V' is the
monic polynomial m, € k[t] of lowest degree such that m,(«) = 0. We also write m4
and refer to the minimal polynomial of an n x n matrix A representing a.

Examples 5.3. (1) If @ = Aid then p(«) = 0 where p(t) =t — X, s0 my(t) =t — .
(2) If A = [ (1) (1) ], then A? =Ty and p(A) = 0 where p(t) = t* — 1. As A is not a
diagonal matrix, we have that q(A) # 0 for any ¢ = ¢t — X\. Hence mu(t) = t* — 1.

Definition 5.4 (Characteristic polynomial and multiplicities of eigenvalues).
The characteristic polynomialof a: V- — V is A, (t) = det (a—tid) = det (A—tL,,), where
A is a matrix representing o with respect to some basis. The algebraic multiplicity, am(\),
of an eigenvalue A is the multiplicity of A as a root of A,(t). The geometric multiplicity
gm(A) is the dimension of the eigenspace E,(A\) = Ker(a — Aid) = Ker(A — AL,).

Remarks 5.5. (1) This characteristic polynomial of a linear operator o does not de-
pend on the choice of matrix A representing «, so it’s well-defined.
(2) We have am(\) > gm(\).

Lemma 5.6. Let p be a polynomial such that p(a) = 0. Then every eigenvalue of « is a
root of p. In particular every eigenvalue of o is a root of my,.
Proof. Let v # 0 be an eigenvector for eigenvalue A and suppose p(t) = Z?:o a;t'. Then

p(a) = 0 gives
0 =p(a)v = (apid + aja + -+ + apa®)v = (ag + A + - - + ap\¥)v = p(A)v.
As v # 0 it follows that p(\) = 0. O

Theorem 5.7 (Cayley-Hamilton). For any A € M, (k) we have Ay(A) =0 € M, (k).
FEquivalently, for any linear a: V' — V we have A,(a) =0 € End(V).

Remark 5.8. One can’t argue that det (A — AlL,) = det (0) = 0 and thus As(A) =0
because A, (A) is a matrix whereas det (0) is a scalar. To illustrate this for n = 2:

A:<ccz 2) has AA(t):det(aZt d€t>:t2—(a+d)t+(ad—bc),
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so the Cayley—Hamilton Theorem is the generalisation to arbitrary n of the calculation
Au(A) = A —(a+d)A+ (ad —be) - Ty
a?>+bc ab+bd a’+ad ab+ bd 10 0 0
- (ca—l—cd bc—l—d2> B (ac—l—cd ad—l—d2> + (ad —be) (O 1) - (O O) '
If you don’t think this is remarkable, check the case n = 3 for yourself!

Corollary 5.9. The minimal polynomial m,, divides the characteristic polynomial A,.
In fact the roots of my are precisely the eigenvalues of «.

Proof. The Cayley—Hamilton theorem gives that the characteristic polynomial A, lies in
the kernel of the ring homomorphism @, from (5.1). Since Ker(®,) = k[t]m,, we have
that m, divides A,. Therefore every root of m,, is a root of A,, and hence an eigenvalue
of a. Conversely, every eigenvalue of « is a root of m, by Lemma 5.6. O

Remark 5.10. When working over C, Corollary 5.9 says that if A\{, ..., \; are the distinct
eigenvalues of A and A, (t) = (A — )™ -+ (A — t)™, then

Ma(t) = (£ = A)* -+ (£ — M)

with 1 <s;, <pr;foralll <7<k,

End of Week 8.

Proof of Theorem 5.7. Suppose A4(t) = det (A —tl,,) = ap + a1t + - - - + a,t"™. We must
show that As(A) = aol, + a1 A + -+ + a, A" is equal to the zero matrix. Recall the
adjugate formula from [Algebra 1B]:

(5.2) adj (A — tIL,) (A — t1,,) = det (A — tI,)L, = A4(t)L,.
Write adj (A —tI,) = By+ Byt + -+ B,,_1t"~! for B; € M, (k). Substite into (5.2) gives
(5.3) (Bo+ Bit + -+ B 1 t" D (A —tI,) = (ap + art + - - + ant™)L,.

Comparing terms involving ¢* for any 1 < i < ¢, we have that
(5.4) (B;A— Biq)t' = (Bt A+ (Bt ) (—tL,) = a;L,t’

Notice that in gathering terms here, we used the fact that the monomial # commutes
with A (after all, these equations involve elements in the ring R[t| where R = M, (k), so
we have At' = t'A). If we now subsitute any matrix 7' € M, (k) into equation (5.3), the
left hand side will become a polynomial in 7' in which the coefficient of T% is given by
equation (5.4) if and only if AT* = T*A. For any such matrix T satisfies

(Bo+ BT+ + B, T"NYA-T)=ael, + a;T + -+ a,T".
Since A satisfies A+ A' = A". A, we may substitute 7= A to obtain

AA(A) = (L()Hn + CLlA + R anA” = (BO + BlA —|— e —|— Bn_lAn_l)(A — A) = 0
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as required. O
5.2. Invariant subspaces. Let a: V' — V be a linear operator over a field k.

Definition 5.11 (Invariant subspace). For a linear operator o : V' — V', we say that
a subspace W of V' is a-invariant if o(W) C W. If W is a-invariant, then the restriction
of o to W, denoted a|y € End(W), is the linear operator aly : W — W : w — a(w).

Examples 5.12. (1) The subspaces {0} and V are always a-invariant.

(2) Let A be an eigenvalue of . If v is an eigenvector for A, then the one dimensional
subspace kv is a-invariant because a(av) = aa(v) = alv € kv.

(3) For any 0 € R with 6 # 27k for k € Z, the linear operator a: R* — R? that rotates
every vector by # radians anticlockwise around the z-axis has Vi := Re; @ Rey
and V5 := Res as a-invariant subspaces. The restriction aly,: V3 — V) is simply
rotation by 6 radians in the plane, while a|y,: Vo — V5 is the identity on the real
line. Notice that the matrix for « in the basis eq, s, e3 is the ‘block” matrix

cos(f) —sin(d) 0
A= (sin(@) cos(6) 0) .
0 0 1
Notice that this matrix has two square non-zero ‘blocks’ (the top left 2 x 2 matrix

and the bottom right 1 x 1 matrix). These two blocks are precisely the matrices
for the linear maps aly, and aly, in the given bases on V; and V5 respectively.

Definition 5.13 (Direct sum of linear maps and matrices). For 1 < i < k, let V]

be a vector space and let «; € End(V;). The direct sum of g, ..., ax is the linear map
e sa): @uo B
1<i<k 1<i<k

defined as follows: each v € ), <i<k V; can be written uniquely in the form v = v +- - -4v;
for some v; € V;, and we define

(1 @ @ag)(vr+ -+ o) i=aqg(v1) + -+ + agvg).

Remark 5.14. For 1 < i < k, let A; € M,,(k) be the matrix for a linear map «; with
respect to some basis B; of V;. Then the matrix for the direct sum ay @ --- @ o with
respect to the basis By U By U -« U B, of @1§igk V; is the direct sum (block matrix)

A
Ay
A DA, =
Ap
(zeros everywhere else in the matrix) of the matrices Ay, ..., Ay.

Lemma 5.15. For o € End(V), suppose V.=V, & Vo & --- &V where Vi,...,V} are

a-invariant subspaces. For 1 <i <k, write a; :== aly, € End(V;). Then
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Da=a1 @ ®a, @, End(V;); and

(2) the minimal polynomial m, is the least common multiple of my,, ..., Ma,.

Proof. For (1), each v € V' can be written uniquely as v = v; + -+ 4+ vy, for v; € V;, and
a(v) =a(v)) + -+ a(vg) = a1 (v1) + -+ + ag(vg)

which proves (1). For (2), we claim first that any f € k[t] satisfies

(5.5) fla) = fla1) & flaz) & - & flau).

Indeed, for i > 0 and v = v; + - - - + v we have a’(vy + -+ +vg) = a’(vy) + - - + al(vg)
soa' = al @--- @ ai. For any scalar ¢ € k, it follows that ca’ = cal & -+ & cal. We

9

add in End(V') using the formula from Exercise 3.3(1), so any polynomial f = >, ¢;t’
satisfies (5.5) as claimed. Then m,, divides f if and only if f(«) = 0 which holds if and
only if f(a;) = 0 for all 1 < i < k, which holds if and only if m,,|f for all 1 <i < k.

Equivalently m,, is the least common multiple of mg,, ..., ma, as required. U

k

5.3. Primary Decomposition. Given a: V — V' how do we find a-invariant subspaces
Viyoooy Vi of Vsuch that V=V, @--- @V, and o = a; @ - - - @ oy, where «; := aly;,? The
key is to factorise the minimal polynomial m,,.

Theorem 5.16 (Primary Decomposition). Let a: V' — V be a linear operator and
write mq, = pi* -+ - pe¥, where py,...,py are the distinct monic irreducible factors of my,
in kt]. Let ¢; = p;" and let V; = Ker(q;(«)). Then:

(1) the subspaces Vi, ..., Vi are a-invariant and V=V, & --- & Vj; and

(2) the maps o; = oy, for 1 <i <k satisfy « = a1 @ -+ D oy, and my, = q;.

Example 5.17. Consider rotation by 6 radians about the z-axis from Examples 5.12(3),
and let’s work over the field C. The characteristic polynomial of « is

Ao(A) = det(A —tI3) = (e —t)(e™™ —t)(1 —1).
Since each root has multiplicity one, Remark 5.10 shows that
ma(t) = (t — )t —e ) (t —1).
If we now work over R, as we should since V = R? is a vector space over R, we obtain
(5.6) Mma(t) = (t* —2cosft +1)(t — 1)

as the factorisation of m,, into irreducibles ¢; = (> — 2cos0t + 1) and ¢z =t — 1 in R[t]
(which is a UFD). Now compute

cos(d) —sin(f) 0\ > cos(f) —sin(d) 0 100
nla) = <sin(9) cos(0) 0) — 2cosf (Sin(Q) cos(0) 0) + (0 1 0)
0 0 1 0 0 1 0 0 1

00 0
= (O 0 0 )
0 0 2—2cos(d)
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and
cos(f) —sin(d) 0 1 00 cos(f) —1 —sin(d) 0O
p(a) = (sin(é’) cos(0) O> - (O 1 O) = ( sin(f)  cos(f) — 1 O) :
0 0 1 0 01 0 0 0
Notice that

x 0
Ker(q (o)) = { (g(/)) ER?|z,yc R} and Ker(g(a)) = { (0) cR?|z¢ R}

are the a-invariant subspaces V; and V;, that we considered in Examples 5.12(3). Thus,
even if we had not noticed that V' = V; @ V5 as in Examples 5.12(3), we could nevertheless
have computed the factorisation (5.6) of the minimal polynomial m, and obtained the
following direct sum decomposition:

V = Ker(maq, (a)) ® Ker(mq,(a))
Wlth a = Oé‘Ker(mal (a)) EB alKer(maz (a))-

We’ll start the prof of the Primary Decomposition theorem by looking at the special
case k = 2. You should think of the polynomials ¢; and g here as pj* and p5? respectively.

Proposition 5.18 (Primary decomposition in the case k =2). Leta: V — V be a
linear operator and write mqy, = q1q2, where q1, ga are monic and coprime. For 1 <i < 2,
let V; = Ker(g;(«)). Then:

(1) the subspaces V1, Vs are a-invariant and satisfy V.=V, @ Va; and
(2) the maps a; = aly, for 1 <i <2 satisfy o = ag ® ay and my, = g;.

Proof. Define subspaces Wi = Im(g2(«)) and Wy = Im(g;(«)). Our first goal is to prove
a modified version of parts (1) and (2) with W; in place of V;.

We first prove that W, are a-invariant and V' = W; @ W, Since ¢;(a) commutes with
a, Exercise 9.6 shows that Im(¢;(«)) is a-invariant, i.e., W; is a-invariant. Since ¢, ¢o
are coprime, Lemma 3.17 gives f, g € k[t] such that 1 = fq; + ggq, so

id = f(a)q(a) + g(a)g(a).
Any v € V satisfies

b = id(0) = g2(0) (9(0) (1)) + 1 () (F(0)(v)) € Wi + W,
so V =W+ Wjy. To see that the sum is direct, suppose v € WiNWy, say v = ¢1(a)(vy) =
¢2()(vq). Then using the equation above, we have that
vo= fla)g(a)(v) +g(a)g(a)(v)
= [fla)q(@)g()](v2) + [9(a)gz(a)g(a)](v1)
= [fla)ma(a)](v2) + [g(a)ma(a)](v1)

= 0.
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Hence Wy N Wy = {0} and V' = W, & Ws, so the modified version of (1) holds.

For the modified version of (2), the fact that a; = alw, satisfy a = a3 @ ay follows
from Lemma 5.15. For the statement about the minimal polynomial, fix ¢ = 1 and note
that

Ma, divides f <= f(a1)(w) =0 for all w € W,
< f(a)(w) =0 for all w e W as a(w) = aj(w) for w € W
— f()(g(a)(v)) =0forallveV as W1 = Im(g(av))
<= m, divides fqo by definition of m,,
<= ¢ divides f as My = ¢1G2

<= ¢, is the minimal polynomial of a4

as required. Similarly ¢s is the minimal polynomial of .

We’ve now proved the result for W; in place of V;, so it remains to show that W, =V;
for 1 <4 < 2. Since each v € V satisfies ¢1(a)g(a)(v) = mq(a)(v) = 0, we have that
Wy = Im(g2(r)) € Ker(qi(a)) = V4. The rank-nullity theorem from [Algebra 1B] gives

dim Ker(¢;(«)) + dimIm(g;(a)) = dim V' = dim W; + dim W5s.
Subtract dim Im(¢;(a)) = dim W5 to leave dim V; = dim Ker(¢; (a)) = dim W7, so in fact
the inclusion W7 C V; must be equailty. Showing Wy = V5 is similar. O
Proof of Theorem 5.16. We use induction on k. For k = 1, we have m,, = pi* = ¢;. Then
Vi = Ker (q1(a)) = Ker (mo(a)) =V

because m, («) is the zero map by Definition 5.2. This proves the case k = 1. For k > 2,
suppose the result holds for any linear operator whose minimal polynomial has less than k
distinct irreducible factors. Suppose now that m, = p{* - - - pp*. Define q; = pi* -+ - p.*7'
and ¢ = pg¥, so my, = q1q2. Note that ¢; and ¢, are coprime (see Definition 3.16),

Proposition 5.18 to follow shows that
V = Ker (q1(a)) @ Ker (g2(a)),

where «; := 04|Ker(qi(a)) satisfies & = a3 @ o and m,, = ¢; for 1 <7 < 2. In particular,
oy is a linear operator on Ker(g;(«)) whose minimal polynomial has k — 1 < k irreducble
factors, so that the result follows by applying the inductive hypothesis to a;. U

Corollary 5.19 (Diagonalisability). A linear map o : V — V is diagonalisable iff
Mma(t) = (t = M)t = A2) -+~ (t = Ag)
for distinct Ay, ..., \; € k.

Proof. The forward implication is Exercise 9.2. For the converse, apply Theorem 5.16
with ¢; :=t — \; for 1 <7 < k to obtain

V =Ker(a— M\id) @& --- @ Ker(a — M\id) = Eo(A\) @ - @ Ey (M),
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so V must therefore have a basis comprising eigenvectors of a, i.e., a is diagonalisable. [J

5.4. The Jordan Decomposition over C. From now on we restrict to the case k = C.
All polynomials in C[t] factor as a product of polynomials of degree 1. Now suppose that
the linear operator a: V' — V' has minimal polynomial

Ma(t) = (= A1)" - (= A)*2 -+ (E— M)

where A, ..., A\ are the distinct eigenvalues of « (recall the roots of m, are exactly the
eigenvalues of «). The Primary Decomposition Theorem 5.16 implies that

V = Ker(a — \id)** @ Ker(a — A2id)*? @ - - - @ Ker(a — A\gid)**
is a decomposition of V' as a direct sum of a-invariant subspaces.
Definition 5.20 (Generalised eigenspace). Let a: V' — V be a linear map with

eigenvalue A\. A nonzero vector v € V is a generalised eigenvector with respect to A if
(v — Aid)*v = 0 for some positive integer s. The generalised A-eigenspace of V' is

Goa(A) ={veV: (a— Aid)*v =0 for some positive integer s}.
Remark 5.21. We have E,(A\) € Go(N).

Lemma 5.22. Let s be the multiplicity of the eigenvalue \ as a root of m,. Then
Go(N\) = Ker(a — Xid)"  for all t > s.

Proof. The right hand side is contained in the left by Definition 5.20. For the opposite
inclusion, suppose m, (t) = (t—A1)* (t—A3)2 - - - (t— ). By the Primary Decomposition
Theorem we have that

V=vieVh®d - &V,

where V; = ker (a — \;id)*, and the minimal polynomial of o;; = aly, is (t — \;)*. Now
suppose that A = A;. The map «; only has the eigenvalue \;, so for j # ¢ we have
ker (o; — Ajid) = {0} and a; — A;id is a bijective linear operator on V;. Now let

V=1 F+ v+ U
be any element in G, (\) with v; € V;. Suppose that (« — \;id)'v = 0. Then
0= (o — Nid)'v = (ag — Nid)*vy + - - + (g, — Niid) v
This happens if and only if (a; — Niid)fv; = 0 for all j = 1,..., k. As (o — Niid)" is
bijective if j # ¢, we must have that v; = 0 for j # i. Hence v = v; € V; = ker (v — \;)*.

This shows that G,()\;) C ker (a — \;id)* and as (o — A\;id)%v = 0 clearly implies that
(a — Nid)'v = 0 for any t > s;, it follows that G4 ()\;) C ker (o — \;id)* as required. [

Remark 5.23. This last lemma implies in particular that G,(\) = ker (« — Aid)" where r
is the algebraic multiplicity of A. This is useful for calculating G, (\) as it is often easier

to determine A, (t) than m,(t).
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End of Week 9.

Theorem 5.24 (Jordan Decomposition). Suppose that the characteristic and minimal
polynomials are Ay (t) = [[1<;cp(Ni =)™ and ma(t) = [[1<;<x(t—Ai)*" respectively. Then
V=Gao(M) DD Ga(M),
and if « = oy @ -+ - D ay, is the corresponding decomposition of a, then A, (t) = (A, —t)"

and me, (t) = (t — X\;)%.

Proof. Almost everything follows directly from the Primary Decomposition Theorem 5.16
and Lemma 5.22. It remains to prove that A, (t) = (A\; — t)™. To see this, Corollary 5.9
shows that the roots of m,, are exactly the eigenvalues of «;, so A,.(t) = (A\; — t)" for
some positive integer ¢;. We have that @« = a3 & - - - @ ay from Theorem 5.16, and hence
A=A & - & A where A; € My, (k) is any matrix for the map «;. Therefore

(A=) (A — 1) = Aq(?)

= det(A — tL,)
=det (A @ @A —t(Iy & - DL,))
= det ((A; — tly,) ® - @ (Ay — thy,))
= det(A; — tly,) - det(Ay — tly,) - - - det(Ag — tl,,) by Ex 10.2
= Ao, (t) - A, (D)
=M=t (A=)

Comparing exponents gives t; = r; for i = 1,...,k as required. Il

5.5. Jordan normal form over C. Our study of the structure of « is now reduced to
understanding each «;, so we need only consider the special case a: V' — V such that

A t)=(AN—=1t)" and mu(t) = (t —AN)°
where 1 < s < r. We continue to work over k = C.

Definition 5.25 (Cyclic subspace generated by v). For v € V| the cyclic subspace
generated by v is the subspace

Clajv = {p(a)v € V | p € Clt]}.
Remark 5.26. Note that Clajv is an a-invariant subspace of V. Indeed, for p,q € CJt]

and A € k, we have A(p(a)v) + g(a)v = (Ap + g)(a)v, so Clajv is a subspace of V. It is
also a-invariant since ap(a)v = u(a)v where u is the polynomial tp(t).

Example 5.27. If v € E,(\), that is, if a(v) = Av, then ClaJv = Cv. Thus, for every

eigenvector v of @ we have that Cuv is the cyclic a-invariant subspace generated by v.
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Proposition 5.28. Let a € End(V) be such that A,(t) = (A —1t)" and m,(t) = (t — \)®.
For any nonzero vector v € V, define e := e(v) € Zwq to be the smallest positive integer
such that (a — Aid)*v = 0, and write

v = (a—Xid)* v, vy = (a—Xid) v, ..., ve_1 = (@ — Nid)v, v, = v.

Then

(1) (vi,v,...,0.) is a basis for the C-vector space W := Cla]v;
(2) in this basis, the matrixz for the linear map = a|w € End(W) is the e x e matriz
Al
Al
J(\e) = ;and
A1
A

(3) we have that Eg(\) = Cuy, that mg(t) = (t — A\)¢ and that Ag(t) = (A —t)°.

Proof. Note first that since m,(t) = (t — A\)*, we have that (o — Aid)*v = mg(a)v = 0
and therefore 1 < e < s is well-defined.

To see that vy, ..., v, span W, let w € W. By hypothesis w = f(a)v for some f € C[t].
Exercise 10.2 gives aq, ..., a. € C such that f(t) = ag +ai(t — \) + -+ + ax(t — \)* for
some k > 0, and hence

w = f(a)v = agv + ai(a — Aid)v + az(a — Aid)?v + - - -,

so W is spanned by vq,...,v, because (a — Aid)*v = 0. The fact that vy,..., v, are
linearly independent is immediate from Exercise 9.5(2), so statement (1) holds.
For (2), we compute that

a(vy) = Avy + (@ — Ad)v; = Avy + (o — Aid)®v = Ay
and for 2 < i < e we have
a(vi) = Av; + (a - )\id)vi = A0+ Vi1 = V-1 + Av;.

Therefore we have expressed the image under « of each basis vector v; in terms of the
basis (v1,vs,...,0.), and the coefficients in this expansion provide the entries in each
column of the matrix for §; the resulting matrix is therefore J(\, e).

The statements from part (3) follow from Exercises 8.6 and 9.1. O

Definition 5.29 (Jordan block). We call J(A,e) a Jordan block of «.
Example 5.30. Consider the linear operator o : C* — C?, v — Av where

A= (_31//22 %ﬁ)
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satisfies A, (t) = (1 — )%, and m,(t) = (¢t — 1)?. Following Proposition 5.28 we first
compute an eigenvector v, for A =1, i.e.; solve

(A —T)v, =0, that is (_11//22 _11//22> U= (8)

giving, say, v; = (1, —1)". Next solve

(A —T)vy = vy, that is (_11//22 _11//22) Vg = (_11>

giving, say, vo = (0,2)". The matrix required to change basis so that A can be written in
the form of Proposition 5.28 is the matrix whose columns are v, v9, namely

1 0
P:C42>
Please check for yourself that

PTAP = (1}2 1(/)2) (—31/72 %3) (—11 g) = (é D =J(1,2).

The following theorem and its corollary are the main goals of Algebra 2B:

Theorem 5.31 (Jordan normal form - special case). Let o € End(V) be such that
An(t) = (A —=1)" and my(t) = (t — X\)*. Then there exists a basis for V such that the
matrix for a with respect to this basis is

J(A e1)
A:= JNF(a) := T e) . =JNe) @@ J\ en),

J(A, em)
where

(1) m = gm(\) is the number of Jordan blocks;
(2) s =max{ey,...,en}; and
B)r=e+- - +en.

Proof. Assume for now that we can find non-zero vy,...,v,, € V such that
(5.7) V =Claju; @ - - - & Cla]vg,

with dim Cla]v; = e;. Each W; := Cla]v; is a-invariant, so if we let «; be the restriction
of o to Wj, then o = oy @ -+ @ a, by Lemma 5.15, and we choose the basis on each
subspace W; by applying Proposition 5.28 which gives the required form for the matrix
A and gives mq,; = (t — A\)¥ for 1 < j < m. Moreover:

(1) Eachv e Visv=w; + - -+ w, € V for w; € W; by (5.7), so if v € E,()), then

01(w1) - (W) = a(v) = A(W) = Ay + -+ Ay
50



and thus a;(w;) = Aw; for 1 < j <m. Then E,(\) = Eo,(\) & --- & E,,,(\). By
Proposition 5.28, we have dim F,. (\) = 1, so

m=dim E,,(A) + -+ dim E,,, (\) = dim E,(\) = gm (\).

This proves (1).
(2) Lemma 5.15 shows that m,(t) is the least common multiple of my, (t), ..., ma,,, (t).
Proposition 5.28 shows that m,, (t) = (t — A\)%, so (2) follows immediately.
(3) Finally, (3) says nothing more than dim V' = dim C[a]v; + - - - 4+ dim C[a]v,,.
It remains to show that (5.7) holds. We establish this by induction on s.
If s =1, then o = Aid. Pick any basis vy, ..., v, for V and apply Proposition 5.28 with
e = 1 for each basis vector to see that

V=Cu@®- - &Cuv, =ClaJv; ®--- & Cla]v,.

This proves the case s = 1. Now suppose that s > 2 and that the claim holds for smaller
values of s. Consider the a-invariant subspace

W= (a—=ANd)V ={(a—=Aid)(v) eV |v eV}

Notice that (o — Aid)*"'w = 0 for all w € W and the minimal polynomial of aly is
(t — A)*~!. The inductive hypothesis gives (a — Aid)vy, ..., (a — Aid)v, € W\ {0} with

(5.8) W = Cla)(a — Aid)vy & - - - ® Cla](a — Aid)vy.

Let §; be the restriction of a to Cl[a]v;. Proposition 5.28 shows that Eg,(\) = Cw; where
w; = (a—Aid)% 'v; € Cla](a—Aid)v; for some e; > 2. Since the sum from (5.8) is direct, it
follows as in the proof of (1) above that (w, ..., wy) is a basis for £, (). Extend this to
a basis (wq, ..., W, Vg1, -, Vorm) for Eo(X) C Clajui+- - -+ Clavg+Cuppr 4+ - - +Copppp.
We can now throw away that w;’s completely, because we claim that

V =Clajv; @ -+ - @ ClaJv, @ Clauerr @ - -+ @ Clavggm.
Since vgyq, ..., Vi, are eigenvectors for A, this is the same as saying that
(5.9) V =ClaJo1 & - & Cla]ve ® (Cogyr ® - - - & Cuggm).

The right hand side is by definition contained in the left. For the opposite inclusion, let
v € V. Then (o — Mid)v € W, so by (5.8) there exist py,...,p. € C[t] such that

(a — Mid)v = pr(a)(a — Aid)vy + -+ - + pe(@) (@ — Aid)vy.
Gather all terms on one side to obtain (o — Aid)(v — (p1(@)vy + - -+ + pe(a@)ve)) = 0, so
v—(pr(a@)vy + -+ pe(@)vy) € Eq(N) C Clauy + - -+ + ClaJug + Copyq + -+ - + Cogy.
Now we know that the decomposition

v = (pi(a)vr + -+ pe(a)vr) ng(v — (pi(@)vr + -+ + pe(@)vr))



presents v as the sum of an element of C[a]v; + - - - 4+ Cla]v, and an element of the space
Clajuy + - - - + Clajvy + Cvggq + - - - + Cugypm, so it lies in the right hand side of (5.9) as
required. It remains to show that the sum from (5.9) is direct. Suppose

0= pi(a)vr + -+ pe(@)ve + @r1Vey1 + - + ArpmVrim.
Applying o — Aid to both sides gives

0=pi(a)(a—Ad)vy + -+ + pe(a)(a — Aid)vy.
Since W is a direct sum in equation (5.8), we have (o — Aid)p;(a)v; = 0 for 1 < i < ¢,
so pi(a)v; is an eigenvector that lies in Cla]v;, so it must be a multiple of w;. Since
wy, . .., wy are linearly independent, it follows that p;(a)v; = 0 for 1 <4 < ¢. Hence
0 = app1veq41 + -+ QppmUosm

and as vgyq, ..., Ve, are linearly independent, it follows that apiy = ... = apim

= 0.
This finishes the proof. U

Example 5.32. For a complex vector space V' of dimension 4, suppose that o € End(V)
has mq(t) = (t — 5)% and A, (t) = (t — 5)*. Since the degree of m,(t) is 2, we must have
at least one largest block J(5,2), so the possible decompositions of the 4-dimensional
space V are J(5,2) @ J(5,2) and J(5,2) ® J(5,1) ® J(5,1). If we know in addition that
gm(5) = 3 then we must have three blocks, so the second possibility applies.

Corollary 5.33 (Jordan normal form). For a € End(V), write the characteristic
polynomial as Ay (t) = (A — )™ -+ (A — t)"™. Then there exists a basis on V such that
the matriz A for a expressed in this basis is

JNF(a) := JNF(on) @ - -- @ JNF(aw),
where for 1 <i <k, the map «; is the restriction of o to G, (\;).

Proof. The Primary Decomposition Theorem gives V = G,(A\1) ® Go(A2) @ - -+ @ Go(Ak)
with the corresponding decomposition o = a1 @ - - - D g, O

Remark 5.34. The matrix A in Theorem 5.33 is called a Jordan Normal Form for a. One

can show that the Jordan blocks in JNF(«) are unique up to order.

Example 5.35. In the final problem session of the semester, we’ll discuss the example

9 4 2 2
9 0 13
A= _o 9 3 3]:
9 6 3 7

and we’ll compute a basis for C* that puts this matrix into Jordan Normal Form.

End of Algebra 2B.
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