Theory of large rotations

Rotations in three dimensions can be described in a number of different, but
equivalent ways, for example the Euler angles,

http://en.wikipedia.org/wiki/Euler _angles. Here we will use a vector representing the

axis of rotation.

Consider a rotation is of magnitude o radians about the axis defined by the vector
a=ae, +a,e, + a;e; in which e, e, and e, are the Cartesian orthogonal unit base

vectors. We will see later that it makes sense to make the magnitude of a equal to
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tan—. A positive rotation is clockwise looking along a. A negative rotation is

anticlockwise, or clockwise looking in the opposite direction.

This definition means that the rotation causes the vector u to become the vector
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the direction of a, |u- 3 is the component of u perpendicular to a and
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is perpendicular to both u and a.
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where ¢, =&y, =&,, =&, =—€;, =-&,; =1 and all other ¢, =0. The E is
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implied by the Einstein summation convention.



If the rotation is small, A, =90, +2¢,a,. The factor of 2 arises because the
magnitude of the rotation vector is defined in terms of the tangent of one half the

angle.

If the rotation A is followed by the rotation B, the net resultis u’; = u,C;; in which

C” = Aszkj

Yy

o. +

ij
2 2
= (6ik + m(aiak +&,,d, ))(% + —1 NE (bkbj + equbq ))

it (bb + €, )+

2
=0, + E (bb +s,jqbq) L (aa +3Wap)

(CC +€C)

ijm= m

—2((1(1 +E.a )

=0+ l+a vy

+ (aiakbkbj +é&,a,bb; +aaqeE; b, +¢€,,a pequbq)

' th(aiakbkb (glquj i )apbq B (6il‘5pq - 6iq617j)apb‘1)
=0, + s (bb +8qu) o (aa +3Wap)
+ M‘m(a *bab; (elquj + alequ)apbq ~5,a°b+ biaj)

Multiplying both sides by ¢,
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Thus ¢=a+ b only if both a and b are small.



