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Theory of large rotations 

Rotations in three dimensions can be described in a number of different, but 

equivalent ways, for example the Euler angles, 

http://en.wikipedia.org/wiki/Euler_angles. Here we will use a vector representing the 

axis of rotation. 

Consider a rotation is of magnitude 

€ 

α  radians about the axis defined by the vector 

      

€ 

a = a1e1 + a2e2 + a3e3  in which     

€ 

e1,     

€ 

e2  and     

€ 

e3  are the Cartesian orthogonal unit base 

vectors. We will see later that it makes sense to make the magnitude of   

€ 

a equal to 

  

€ 

tanα
2

. A positive rotation is clockwise looking along   

€ 

a. A negative rotation is 

anticlockwise, or clockwise looking in the opposite direction. 

This definition means that the rotation causes the vector   

€ 

u to become the vector  

      

€ 

′ u =
u•a( )a

a2 + u−
u•a( )a

a2

 

 
 
 

 

 
 
 cosα +

a ×u
a

sinα

= u +
u•a( )a

a2 + 1− cosα( ) +
a ×u

a
sinα

 

in which     

€ 

a = a•a  and 
    

€ 

sinα
a

is taken as positive. 
      

€ 

u•a( )a
a2  is the component of   

€ 

u in 

the direction of   

€ 

a, 

      

€ 

u−
u•a( )a

a2

 

 
 
 

 

 
 
  is the component of   

€ 

u perpendicular to   

€ 

a and 

      

€ 

a ×u( )sinα
a

 is perpendicular to both   

€ 

u and   

€ 

a. 

If we choose 
    

€ 

a = tanα
2

 then 
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€ 

1− cosα =1− cos2 α
2

+ sin2 α
2

=
2sin2 α

2

cos2 α
2

+ sin2 α
2

=
2 tan2 α

2

1+ tan2 α
2

=
2a2

1+ a2

sinα = 2cosα
2

sinα
2

=
2cosα

2
sinα

2

cos2 α
2

+ sin2 α
2

=
2 tanα

2

1+ tan2 α
2

=
2a

1+ a2

 

so that 

      

€ 

′ u = u +
2

1+ a2 u•a( )a + a ×u( ). 

In terms of components, 

€ 

′ u 1 ′ u 2 ′ u 3[ ] = u1 u2 u3[ ] +
2

1+ a2
u1 u2 u3[ ]

a1
a2
a3

 

 

 
 
 

 

 

 
 
 

 

 

 
 
 

 

 

 
 
 

a1 a2 a3[ ]

+
2

1+ a2
a2u3 − a3u2( ) a3u1 − a1u3( ) a1u2 − a2u1( )[ ]

= u1 u2 u3[ ]
A11 A12 A13
A21 A22 A23

A31 A32 A33

 

 

 
 
 

 

 

 
 
 

 

in which 

€ 

A =

A11 A12 A13
A21 A22 A23
A31 A32 A33

 

 

 
 
 

 

 

 
 
 

=

1 0 0
0 1 0
0 0 1

 

 

 
 
 

 

 

 
 
 

+
2

1+ a2

a1a1 a1a2 a1a3
a2a1 a2a2 a2a3
a3a1 a3a2 a3a3

 

 

 
 
 

 

 

 
 
 

+

0 a3 −a2
−a3 0 a1
a2 −a1 0

 

 

 
 
 

 

 

 
 
 

 

 

 
 
 

 

 

 
 
 
. 

These results can also be written 

€ 

Aij = δij +
2

1+ a2
aia j + εijkak( )

′ u j = uiAij
i=1

3

∑ = uiAij

 

where 

€ 

ε123 = ε231 = ε312 = −ε321 = −ε132 = −ε213 =1 and all other 

€ 

εijk = 0. The 

€ 

i=1

3

∑  is 

implied by the Einstein summation convention. 
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If the rotation is small, 

€ 

Aij = δij + 2εijkak . The factor of 2 arises because the 

magnitude of the rotation vector is defined in terms of the tangent of one half the 

angle. 

If the rotation A  is followed by the rotation B , the net result is 

€ 

′ u j = uiCij  in which 

€ 

Cij = AikBkj  

€ 

δij +
2

1+ c 2
cic j + εijmcm( )

= δik +
2

1+ a2
aiak + εikpap( )

 

 
 

 

 
 δkj +

2
1+ b2

bkb j + εkjqbq( )
 

 
 

 

 
 

= δij +
2

1+ b2
bib j + εijqbq( ) +

2
1+ a2

aia j + εijpap( )

+
4

1+ a2( ) 1+ b2( )
aiakbkb j + εikpapbkb j + aiakεkjqbq + εikpapεkjqbq( )

= δij +
2

1+ b2
bib j + εijqbq( ) +

2
1+ a2

aia j + εijpap( )

+
4

1+ a2( ) 1+ b2( )
aiakbkb j − εipqb j + aiε jpq( )apbq − δijδpq −δiqδpj( )apbq( )

= δij +
2

1+ b2
bib j + εijqbq( ) +

2
1+ a2

aia j + εijpap( )

+
4

1+ a2( ) 1+ b2( )
a •baib j − εipqb j + aiε jpq( )apbq −δija •b+ bia j( )

 

Multiplying both sides by 

€ 

εijk  
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€ 

4ck
1+ c 2

=
4bk
1+ b2

+
4ak
1+ a2

+
4

1+ a2( ) 1+ b2( )
a •bεijkaib j

− δ jpδkq −δ jqδkp( )bj − δipδkq −δiqδkp( )ai( )apbq + εijkbia j

 

 

 
 

 

 

 
 

=
4bk
1+ b2

+
4ak
1+ a2

+
4

1+ a2( ) 1+ b2( )
a •b−1( )εijkaib j

− a jbk − b jak( )b j + aibk − biak( )ai

 

 
 
 

 

 
 
 

=
4bk
1+ b2

+
4ak
1+ a2

+
4

1+ a2( ) 1+ b2( )
a •b−1( )εijkaib j

− a •bbk − b
2ak( ) + a2bk − a •bak( )

 

 
 
 

 

 
 
 

=
4

1+ a2
1+

b2 − a •b
1+ b2

 

 
 

 

 
 ak +

4
1+ b2

1+
a2 − a •b
1+ a2

 

 
 

 

 
 bk −

4 1− a •b( )εijkaib j

1+ a2( ) 1+ b2( )

=
4

1+ a2
1+

b2 − a •b
1+ b2

 

 
 

 

 
 ak +

4
1+ b2

1+
a2 − a •b
1+ a2

 

 
 

 

 
 bk −

4 1− a •b( )εijkaib j

1+ a2( ) 1+ b2( )

=
4 1− a •b( ) ak + bk −εijkaib j( )

1+ a2( ) 1+ b2( )

 

so that 

€ 

c
1+ c 2

=
1− a •b( ) a + b− a ×b( )

1+ a2( ) 1+ b2( )
 

and 

€ 

c •c
1+ c 2( )2

=
c 2

1+ c 2( )2
=
1− a •b( )2 a2 + 2a •b+ b2 + a ×b( ) • a ×b( )( )

1+ a2( )2 1+ b2( )2

=
1− a •b( )2 a2 + 2a •b+ b2 + a2b2 − a •b( )2( )( )

1+ a2( )
2
1+ b2( )

2

=
1− a •b( )2 1+ a2( ) 1+ b2( ) − 1− a •b( )( )2( )

1+ a2( )2 1+ b2( )2

=

1+ a2( ) 1+ b2( )
1− a •b( )2

−1

1+ a2( ) 1+ b2( )
1− a •b( )2

 

 
 
 

 

 
 
 

2

 

Therefore 
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€ 

1+ c 2 =
1+ a2( ) 1+ b2( )
1− a •b( )2

 

and 

€ 

c =
a + b− a ×b
1− a •b

. 

Thus 

€ 

c = a + b only if both 

€ 

a  and 

€ 

b are small. 


